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Abstract

In this paper, we construct equivalent semi-norms of local and non-local Dirichlet forms on
scale irregular Sierpinski gaskets. These fractals are not necessarily self-similar, and have vol-
ume doubling Hausdorff measures which are not necessarily Ahlfors regular. We obtain that a
sequence of non-local Dirichlet forms converges to a local Dirichlet form, which extends a con-
vergence theorem of Bourgain, Brezis and Mironescu to the scale irregular Sierpinski gaskets
for p = 2.
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1. INTRODUCTION

Bourgain et al. proposed the limiting behavior of
the norms of fractional Sobolev spaces on R™ ((see
Theorem 2 in Ref. [Il) with a suitable choice of p,,
and p = 2)

u(z) - u(y)
—————~—dxd
-0 [ [ s

hm 2 —
e / Vu(z) 2dz, (1)
D

for all u € W12(D), where D is a smooth bounded
domain in R”, and C,, is a positive constant depend-
ing only on n. The left-hand side is a sequence of
non-local Dirichlet forms, which converges to the
right-hand side, a local Dirichlet form on D. There
are some papers devoted to generalize this limit-
ing embedding theorem to fractional Sobolev spaces
on fractals then. Using the sub-Gaussian estimates
for the heat kernel of the local Dirichlet form &,
Pietruska-Patuba proved that the Dirichlet form &g
which is obtained from subordination of order (/3*
have the properties (3" — )€ — Eoc as B 1 B* in
Ref. 2. Later, Yang studied this problem and also
studied the Mosco-convergence of Dirichlet forms
on the Sierpiriski gasket in Ref. 3. Grigor’yan and
Yang further proved a discrete analog of ([I]) on the
Sierpinski carpet in Ref. 4, using the I'-convergence
of the BQB o-norms to the BB -horm as 3 T (%
After that Gu and Lau studled the convergence of
the B2 -norms to the Bﬁ -norm and its associated
Dirichlet forms on homogeneous p.c.f. self-similar
sets in Refs. [ and [6

In this paper, we consider the convergence of
Dirichlet forms on scale irregular Sierpiriski gas-
kets, which are also called homogeneous random
Sierpiniski gaskets. Such fractals are a kind of Moran
sets where many works have been developed to
discuss the geometric measure properties (see for
example Refs. [[HJ), and they are also a class of
V-variable fractals considered in Refs. [T0H12] etc.
The associated diffusion process on scale irregular
Sierpiniski gaskets has been extensively studied in
Refs. 12HI4L Other analytical aspects, such as spec-
tral decimation, Dirichlet form and heat kernel esti-
mate, were discussed, for example, in Refs. [I5HI7l

We follow the deﬁmtlons in Refs. [17 and [18|
For each I € N\{1}, the Slerpmskl—type gasket
SG(l) is a self-similar set formed recursively by
dividing the sides of each equilateral triangle in [,
joining these points and removing all the smaller
downward pointing triangles. Precisely, for a unit

equilateral triangle (with side length 1) denoted
by A C R2 let Vy be the set of its vertices
{qr |k € {0,1,2}}. For each i = (i1,42) € S; where
Sy = {(i1,i2) € (NU{0})?]i1 + iz <1 — 1}, we set
l . 2 . .
¢ = qo + > k=1 (i/1)(qk — qo), then SG(I) is the
attractor of the IFS formed by all the contracting
similarities F!(x) := ¢!+~ (z—qp), z € R2. Accord-
ing to the related definition of diffusion process on
these sets in Sec. [ of Ref. 18], the scale factors for
SG(l) are length [, mass m; := [(I+1)/2, (diffusion)
time t;, Hausdorff dimension

log m;
p— 2
a logl ’ (2)
and walk dimension
log t;
p— . 3
B log (3)
Let K! denote the level-l scale irregular

Sierpiniski gasket SG(l) with an infinite sequence
I = (1,)0%, where each [, only takes two different
values @ and b in N\{1}. We set W} = [[}_, S,
for each n € N and F}, = F!! o---o Fl» for each
ne€Nandw=w...w, GWfL. We define K* to be
the non-empty subset of A given by

oo
l l
=N U F,(D).

n=1weW}
Note that {UwEWl Ja (D)} is a strictly decreas-
ing sequence of non- empty compact subsets of A,
and that the intersection of the level-n cells satisfy
that

Fi (D) NFYA) = FL(Vo) N FL (W),

for any n € N and any w,v € W} with w # wv.
We also set V¢ := Vj and V! = U|w‘ _, FL(Vp) for
any n € N, where |w| denotes the length of word
w, so that {V,'}2° , is a strictly increasing sequence
of finite subsets of K' and (0", V! is dense in
K! (under the Euclidean metric). Such construc-
tion appeared in Refs. [13 and [I8 (Sec. [ of Ref.
and Sec. 23 of Ref.[19), and an illustration is given
in Fig. [

By Sec. @ of Ref. [I8, a diffusion process can
be constructed on the fractal K! built from any
sequence I, but for the critical exponents to be
well defined we will assume throughout that the
sequence is stationary and ergodic. Precisely, let
[1]a, [n]p be the number of occurrence of a and b in
l|,,, the first n digits of I, respectively, then we only

n—oo
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(a)

(c)

Fig. 1 The level-l scale irregular Sierpiriski gasket SG(1). (a) SG(2)

vvi &vvv
vvv \ 4 vvvv \ 4 VV

with mass mq = 3, length @ = 2 and time t, = 5. (b)

SG(3) with mass m;, = 6, length b = 3, and time &, = 90/7 (see for example p. 2 of Ref.[[2). (c) SG(I) with p, = 2~ [Ma3= [l

where p; =2

Lemma 2.1 and Theorem 2.2 of Ref. I8, the Haus-
dorff dimension « of K* is given by
[n]a log me + [n]p logmy

[n]qlog a + [n], log b
For simplicity, we will regard the empty word ()
to be the unique word of length 0, and the cor-
responding notions are naturally understood to be
le = Id,Ké = K,V(,)l = Vj. We also make the
convention that [0], = [0], = 0.

Let p, = a~Meb=l"b (n > 0) be the diameter of
level-n cells. Define the volume function

[n]p

a = lim
n—oo

$(r) = P(pon) = mz ey P for
prt1 <1 < pp(n = 0),
Y(r)y=v¢(1)=1 forr>1. (4)
It follows that
D(r) =" (pir <7 < pa), (5)

[n]a log ma+[n], logmy,

[n]a loga+[n]ylogh -

In this paper, we consider the restriction of the
Euclidean metric d on R? to K', which is bi-

Lipschitz equivalent to a geodesic metric d; on

where a(n) =

1o =2"1371 p3 =272371 (d) SG(I) with p, =27 ["Me37 "l where p; =3

 pg=2"1372

L op2=3"
! as discussed in Lemma 2.4 of Ref. I3l The
standard measure-theoretic arguments immediately
show that there exists a unique Borel probability
measure p on K such that
p(KL) =#W}E)™!, for any w e W), (6)
then we also have # (W% )~! = ¥(py) by @). Define
|x — y| := d(z,y). Corollary says that the mea-
sure of any metric ball B(z,r) := {y € K!: |z—y| <
r} with 0 < r <1 satisfies

p(B(x, 1)) = 9(r). (7)

This measure is natural, since that, if the Haus-
dorff measure H® exists, that is, 0 < H*(K) < o0
(see a criterion in Theorem 1.1(i) of Ref. §), then
it is equivalent to p. This is because HY(K,) =
HY(K)u(Ky) as level-k cells are only translations
of each other for all w € Wy, k > 1, and any
measurable set of K can be approximated by some
cells of level k (letting k — oo), which means that

HE = HO (K.
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By Sec. 2, Eq. (2.3) of Ref.[I8], the walk dimension
B* for the diffusion on K is given by

[n]q logt, + [n]plog ty

=1 . 8
b o [n]qloga + [n]plogb ®)
Similarly, define the function
o(r) = lpn) = t; et 1 for
Pn+1 <1 < pp (n2>0),
e(r)=¢(1)=1 forr >1. (9)
Therefore,
(P(T) = Tﬁ(n) (anrl <r< pn)v (10)
where B(n) = [elogtatnblos?h "y il see that

[n]a log a+[n]p logb
(1), (r) satisfy a scaling property in Lemma 2]
Next, for any 8 € («, ("), define semi-norms

[u] po  and [u] gs for u € L*(KY, ) by
2,00 2,2
_B8 _
W2, = supe(r)” ()t
2 r>0

<] e
K! JB(x,r)
1
oL
[]35’2 0 K! B(:):,r)go

< fufa) - u(y)’Qdﬂ(y)dﬂ(w‘)> x

~a ()~

(12)
Define By . = {u € LA(K' p) lulgg < oo}
with the norm HuHBgm lull 2okt Y [u ] R
which is a Banach space. Define B = {u €

L2(KY ) HuHBg < oo} with the norm HuHBg

ullp2 e ) + [u ]Bg , which is also a Banach space.

Now Bzﬁ . Bzﬁ 5 can be regarded as general Besov
spaces with the scaling functions ¢ and .

Using Kigami’s method in Ref. 20, one can con-
struct a local regular Dirichlet form on K! as in
Sec. 5 of Ref. [I8. That is, there exists a limiting

form

{&oc(uv u) = 5520 (u)’ (13)

F={uec L2(K' n): EQBZO(u) < 00},

where
8

EY o (u) = sup p(pn)” 71 (py)

n>0
x>
z,yeVEijwl=n

which will be discussed in Sec. Bl Define the semi-
norm 52’6 5 by

u(@) —u()l?,  (14)

B
552 Z‘P pn AT pn)

<D

z,yeVEilw|=n

u(z) —u(y)?.  (15)

We will see that &7

2.00° 52 2 are exactly discrete char-
acterizations of spaces B2 00? Bg o respectively.
The following two theorems are the main contri-

bution of this paper.

Theorem 1.1. Let K be the level-l scale irreqular
Sierpinski gasket for some infinite sequence l and
u € L*(KY ). Assume that 3 satisfies condition
(B) (see Definition 23)), then we have

Eoolw) = [uly (16)
Epy(u) = [u];g?. (17)

The formulas ([[6) and (I7) were proved on the
Sierpiniski gasket (see Theorem 1.1 of Ref. 211 and
Theorem 1.1 of Ref. [3 respectively).

Theorem 1.2. Let K be the level-l scale irreqular
Sierpinski gasket for some infinite sequence l and
u € L2(KY, i). Then there exists a positive constant
C such that, for all u € F,

Cley (u) < lisn igf(ﬁ* — )&y (w)

< limsup(3* — B)EY,(u)
B18*

< CEy o (u). (18)

Let us sketch the idea of the proof of these two
theorems. First, using the Morrey—Sobolev inequal-
ity (Lemmal[2.H]), we obtain the equivalence result in
Theorem [T Second, we prove Theorem [[2] using a
monotonicity property. So, we immediately obtain
the convergence of the Bg o-norms to the Bﬁ so-horm
as # T 0" in a scale 1rregular Sierpinski gasket by
applying Theorem [[T] to Theorem [[2] (as condition
(B) is satisfied when [ is close to 3*).
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We remark that the main difference between our
result and previous works™ is that, in our setting
 is not necessarily Ahlfors regular, thus K is not
necessarily self-similar (by Theorem 2.1 of Ref. 22,
the Hausdorff measure of a self-similar set is always
Ahlfors regular, should it exist). This influences our
form of semi-norms in the convergence theorem,
which is different from the usual case in Theorem
1.3 of Ref. Bl

This paper is arranged as follows. In Sec. 2]
we obtain a scaling property of ¥ and ¢
(Lemma 1) and establish the Morrey—Sobolev
inequality for those exponents [ satisfying condi-
tion (B) (Lemma 2.0). By virtue of Lemma 25, we
prove ([I6]) of Theorem [[T]in Sec.Bland (I') of The-
orem [[[Tlin Sec. [l In Sec. B we prove Theorem [[.2],
which exactly means that a sequence of non-local
Dirichlet forms converges to a local Dirichlet form.

Notation. The letters C, C;, ¢, ¢; are universal
positive constants depending only on K* which may
vary at each occurrence. The sign < means that
both < and > are true with uniform values of C
depending only on K!. a Ab:= min{a,b}, a Vb :=
max{a,b}.

2. THE MORREY-SOBOLEV
INEQUALITY

We start by showing a scaling property of function
P(r), o(r) with » > 0. A similar scaling condition
was introduced in Sec. Bl of Ref. 23] on metric mea-
sure spaces, which was also used in Assumption 2.2
of Ref. [I7] on homogeneous random fractals.

Lemma 2.1. Let K! be the level-l scale irreqular
Sierpinski gasket for some infinite sequence l, we
have that the following scaling condition holds for
P(r), for all0 <r < R < 1:

‘ <E> : ﬁ((]v?)) =¢ (E> (1)

for some positive constants 0 < ¢ < 1 < C, where
g, ap are given by ([2).

Moreover, we also have the following scaling con-
dition holds for o(r), for all0 <r < R < 1:

. (E)[Ba/\ﬂb - o(R) <C (E)ﬁavm 20)

r r

for some positive constants 0 < ¢ < 1 < C, where

Ba, By are given by @3).

Convergence of Dirichlet Forms and Besov Norms

Proof. For 0 < m < n, picking R € (pm+1, pm)
and 7 € (pnt1, pn), we have

Y(R) _

p(r) - m;[n]am;[n]b

Since a,b > 1, we have

B(R) _ (mmhb[mn)a”%

mb_[m}b afaa[m}abfab[m}b

- a*aa[n]ab*ab[n]b ’

;[m}a

D) = \ o Fap-h

aqVay aqVaoy
= <,0_m> < (E) )
Pn r

Similarly, we also have

lb(R) <p_m)aa/\ab C <E>aa/\ab
o0 “\e) )

Next, we consider
p(R)
o(r) t;[”]“tb’[”]b

Since a,b > 1, we have

p(R) _ <a—[m}ab—[m1b>ﬁ”ﬁ"

a_[n]ab_[n}b

fga\/ﬁb /Ba\/ﬁb
() =0
Pn r

Similarly, we also have
Ba/\ﬁb Ba/\ﬁb
() =alf)
() Pn r
The proof is complete. O

t;[m}atb_[m}b B a—ﬁa[m}ab_ﬁb[m}b
- a*ﬂa[n]abfﬁb[n]b ’

As any metric ball B(z,r) in K! contains a level-
(m + 2) cell and is contained in a level-((m — 2) v
0) cell, by Lemma 2 we immediately derive the
following.

Corollary 2.2.
ap(r) < p(B(z,r)) < cotp(r), (21)

where ¢1,co > 0 are independent of x and r.

For any 0 <r <1,

The domain of Dirichlet forms on K* can always
be regarded as a subspace of C'(K*), which is funda-
mental for discretization, by the following analogue
of the Morrey—Sobolev inequality as in Refs. [3] and
BL The proof is adapted from Theorem 4.11(iii) of
Ref. 24, and we will need another type condition on
the exponent 3 as follows.

Definition 2.3. We say that (3 satisfies condition
(B) if 2(Ba A By) — (0a V) > 0 and 3> a.

2250163-5
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Remark 2.4. Indeed, the walk dimension is not
less than 2 on nested fractals (see Remark below
Theorem 6.1 in Ref. 25)). Therefore, for our use, this
condition (B) is satisfied for those [ close enough
to f* since 3 > 2 > o for any | € N\{1}. For
example, it is easy to verify that condition (B) is
satisfied for those (3 close enough to * on SG(1)
which is generated by SG(2) and SG(3), since 5y =

log 5 _ log90/7
10g2’ﬂ3_ log3 -

Lemma 2.5 (Morrey—Sobolev inequality).
Let K be a level-l scale irreqular Sierpiriski gasket.
Assume that (8 satisfies condition (B), then there
exists a continuous version @ € C(K') satisfying
@ = u p-almost everywhere in K' and

ja(z) —u(y)|

< Colla =y hlle — y) Pl . (22

for all xz,y € K' with |z — y| < 1/3, where C is a
positive constant independent of u.

Proof. For any u € Bgm and z,y € Kt let r =
|x —y| < 1/3. Letting By = B(z,r), By = B(y,r)
(recall that this stands for the metric ball), we
define

1
() = o [ )
1
AT/ /B | /B wOdn(m)anlc).
and

1
) = s /B | /B ) (€).

First, by the Cauchy—Schwarz inequality, we get

‘ur(x) - ur(y)|2

:{m/&/&(u(s)

- U(n))du(n)du(ﬁ)}

1
= uBu(Bs) /B /B (&)
— u(n)Pdp(n)du(€)

< Cﬂﬁ(T)Q/

[ / ()
KU | JB(e,3r)

— u(n)dp(n) | du(é)

e

s (23)

< Couo(r) (1)
where we have used (7)) in the third line and (IIJ),
Lemma 21 in the fourth line.

Next, let L be the set of Lebesgue points of u,
and pick z € L. Define 7o = r, 1, = a~ Flap= Ky
we have 1 + rpye1 < 1 + (a A b)*lrk < 2r for
k > 0. By (23]), we can similarly show that, for any

ueBﬁ

2,007
‘urk (x) = Urpyy (SU)|2
< Cop(n) )T, - (20)

It follows that

u(z) = ur ()]

< Z ’uT’k (x) Urp g (1‘)‘
k=0
> 8
<3 () 1/)(7“19)71/2[“]35
k=0 '
<0y Z(af[k}abf[k}b)”%(ﬁa/\ﬁb)so(r) 5
k=0
x (oMo Bl mleevenlyy () 2] o
2,00
s
< Copr) B p(r) ™ 2ful 5y (25)

where C5 = Cy Y 72 o(a A b)—é%(ﬁawb)—(aavab)) is
finite by condition (B) and we have used Lemma 2]
in the second line. Combining [23) and (25]), we
derive

u(z) = u(y)] < |u(@) — ur(2)] + ur(2) = ur(y)]

+ |ur(y) — u(y)]

< Co(r) T (r) M lul s . (26)

for all x, y € L.

Finally, for any u € BY

9.00» We use a standard pro-
cedure to obtain a continuous version @ € C(K?').
For z € L, let 4(x) = u(z). Since u is measurable
in K!, by Theorem 1.8 of Ref. 26, u(K'\L) = 0,
which implies that L is dense in K! (otherwise
there exists a metric ball in K\ L with positive -

measure). Therefore, for any € K'\ L, one can find

2250163-6
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a sequence {z,} C L that converges to x. By (20),
any such sequence {z,},>1 is a Cauchy sequence in
R, so we can define u(z) = lim,_,o u(x,) which
does not depend on the choice of {x,},>1. Now
@ = u p-almost everywhere in K! and it follows
that [u ]B2oo = [a ]B,a . Now for any =,y € K', pick

{n}n>1,{yn}tn>1 - T that converge to x,y respec-
tively. Then as

i) — @)
(1 — yul) T ([ — yal) 12
() = uyn)|

(1@ — ya) T ([ — yal) 12

< Olulpy, = Clilyg

we obtain the desired inequality (22) and @ € C(K*)
by letting n — oc. O

From now on, we will regard ngo = ngo N
C(K') and By, = By ,NC(KY) by Lemmam that

is, we admit that all the functions in BY?
continuous.

B
9,007 B272 are

3. DISCRETIZING Bj

In this section, we will prove (@) by deriving upper
bound estimate of [u] in Lemma B] and lower

in Lemma For sim-

B}
bound estimate of [u] 45

2,00
plicity, denote

E,(u) := Z

z,y€VY, lw|=n

u(z) —u(y)?. (27)

Assume that [ satisfies condition
(B), then there e:m'sts a positive constant C' such

that, for all u € BY

Lemma 3.1.

2,007

25 < CE ().

2,00

[u

Proof. We will use the fact that

[ul}s  =suph(r) = sup h(r),
BQ,OO r>0 0<r<1

where

h(r) = () P () !
X./;lfgzrr‘“( w(y) Pda(y)dp(z).

This simply follows from the fact that h(r) = h(1)
when r > 1, as p(r) = ¢(1),%(r) = ¥(1) when

Convergence of Dirichlet Forms and Besov Norms

r > 1 by definition, and the diameter of K is always
assumed to be 1.

For two integers m > n > 0, denote by pu,, the
Borel measure on V! and let j, = ﬁ Zae\/}n Oas

where J, is the Dirac measure at point a and |A|
denotes the cardinality of a finite set A. Noting that
m weak k-converges to u, we will first consider

= u\xr) —u 2 X
W= [ ) ) ) @

<[]
K' JB(x,pn)

for pni1 < r < p,. For any z,y € K! with |z —
y| < pn where z € KL for some w € W!, since K*
is connected, there exist words @ € W} such that
y € KL and Kl~ N KY # (). Then we obtain

jwl=n] /K’ /K' o

X dum(y)dﬂm (z)

a g Vil
|w|=n,|0|=nzc KNV} ye KL NV}
< Ju(o) = ).

For every pair (w,w) € WL x W! we can find a
common vertex z of V} and V. Moreover, using

— w(y)|*dpan (y) dpim ()

(28)

Iyn(u) <

!u(%l‘l) —u)P < 2(lu(x) — u(2)]* + [u(z) — uly)|?),
1
Imn(u) <2 Z Z Z FAE

|w|=n,|@|=nzeK},NV}, ye KENVE

% (lu(z) = u(2)]* + Ju(z) — u(y)]®)

KLnvi

oy Yoy el
|lw|=nzeKL,NVE 2eVE

X |u(z) — u(z)]?

S C’ﬂb(ﬂn)?ﬁ(ﬂm)

<D 2 D )~

lwl=nzeKlNVE 2eV}

where we have used |V}| = ¥(p,)~! and |KL N
VL = (pm) 1(pn) in the third line.

Then we estimate |u(x) — u(z)|?. For every = €
KL nvi 2z € VI where w € W!, we pick (and
fix) a decreasing sequence of cells {K} 1~ such

that |wy| = k with 2 € K, NV} 2 € K}, n

2250163-7
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VL. Then we obtain a sequence of vertices {z =
Ty Tpgls- - Ty = T} Where xp € Kfuk N ka for
k = n,...,m. By the Cauchy—Schwarz inequality,
we have

u(z) — u(z)|?
m—1
< (Z w(pn)1¢(pk)>
k=n

) (Z_ Yo (ox) " ularn) - u(xm)r?)
k=n

m—1

< Co Y (pa)d(or) " ulzn) — uzai) .

k=n

Noting that the cardinality of (z, z) € (Kt NV})x
VYY) with (p,q) := (wp,Tr41) is not greater than
C"Y(p)(pm) "t for some C’ > 0, we see that

I n(u)
S C3¢(Pn)¢(Pm)

m—1
< > > Ulon)ilor) !

|w|=n (z,2)e(KL,NVE)xVE k=n

X fu(zy) — w(@p )]
- C3¢(Pn)¢ pm)
m—1
X Z Z Z ¢(Pn)
lwl=nk=n_ W=k (@)€K NVih)xV,
Ko CBw  (ap,mp11)=(p,9)
X P(pr) " ulp) — u(q)f?
S C’4¢(Pn)¢ pm)
m—1
X Z Z Z Z T/J(Pm)il
lw|=n k=n K';"/‘:;l PﬂerﬂlmVéH
X (pn)|ulp) — ulg)|?
= Cath(pn)?
m—1
X Z Z Z Z lu(p) — U(Q)’2

= = /= 1 1
k=n |w| nK\lwIII(cl Pk, ,NVE

C
w’ w

< C5t(pn)* i Bt (u)

k=n

< Csp(pn)® Y Ex(u). (29)
k=n
Finally, it follows that

o(r) () Ly ()

= @(pn)_ﬁ%w(pn)_ljm,n(u)

< C50(p) T (pa) S 0lon) T4 (o)

k=n

x <supso<pk>‘ﬁ£*w<pk>Ek<u>>

k>0
< Cg Z(a A b)(n—k)(ﬁi*(ﬁa/\ﬁb)—(aa\/ab))
k=n
-1
x sup (o) ™7 (i) B ()
k>0

_B
< Crsupp(pr) P Y(pr) Ex(u),
k>0

where we have used condition (B) in the third line.
By Lemma 23], the fact Lemma 3.2 of Ref. B, and
that pi, X pn, weak x-converges to p X p as m — oo,
our conclusion follows from taking the supremum
in n. m|

Lemma 3.2. Assume that [ satisfies condition
(B), then there exists a positive constant C' such

that for all u € BY

2,007

Epoo(u) < Cluly

Proof. First, we consider |u(p) — u(q)|?, for p,q €
Vul}. Integrating with respect to x and dividing by
w(KL), we know that

Eo(w)= Y

eV Jwl=n

1
<2 Z (N(Kfu)/f%‘u(p)

P,qEVL p#q,lw|=n

|u(p) — u(q)|?

— u(z)]* + Ju(z) — U(q)!2du(9€)>
<12 Z L
T i n(K)

x / u(p) — u(@)2du(z). (30)
Kl

w
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For every p € V! with |w| = n, we can fix a decreas-
ing sequence of cells {Kfuk Y, for

2 (6, A B log(a v b)
m > 3 +1]n
(- (a1 o) — (0 V ) log(a A D)

(where n will be determined in (B4])),
(31)
such that p € N{* Kl with w,, = w, |wy| = k. Let
0<d< %(ﬁa /\ﬂb) (g V ap), by the Cauchy—
Schwarz inequality, we have for zj, € K*

[u(p) = u(zn)|®

< 2u(p) — u(y,)|? + 2 (Z_ pfﬂi)
k=n

Wk

m—1
X (Z i July) — u(fffkﬂ)’Q)

k=n

< 2[u(p) — u(@m)|”

m—1
1 <Z phor k) — U($k+1)‘2>'

k=n
(32)

Integrating (B2) with respect to zj € Kka and
dividing by ,u(Kka), we obtain

ﬁ /Kl [u(p) — w(zn)Pdp(z,)
ﬁ /Kl [u(p) — w(am) dp(m)
m—1

§ —0
ra2 <Kleprl ]

Wk+1

W41

X dﬂ(ﬂfk+1)du($k)~ (33)
Applying Lemma to p,xy, € Kfum and using
the fact that M(Kfuk) = ,u(KkaH) = Y(pr) (by
Lemma [ZT]), it follows that

o o) 3 s [ )

peVE . |w|=n

— u(zpi)]”

- u(xm)‘Qdu(xm)

< Caplpn) T lpa)lulZ

Convergence of Dirichlet Forms and Besov Norms

1 B
- - _ B*
> u(Kfum>/K%U A= oml)

peVE |w|=n

< (lp — wm|) ™ dp(am)

< C30(pn) T P(pn) () (P!

X \Vé![u]?gg (using condition (B))

B B
< Caplpn) 7 @(pum) b (pm) [y
< Cy(a A b)(Fe (BarB)—(@avan))

x (aV b)n%(ﬁa/\ﬁb)[u]éﬁ

2,00

< Cs(a N b)_n(ﬁi*(ﬂa/\ﬁb)—(aa\/ab))

(using (B1I)). (34)

X [u] 235
,00

On the other hand, for all ), € K!

wg?

Th+1 € Kwk+17

we have |y — xgy1| < pg, thus

©(pn)

Fupn ¥ S e

peVE, |w|=n k=n Wk+1

<[, o) = w(r)
K, ngﬂ
X dﬂ(%‘kﬂ)du(wk)
ﬁ )
< o(pn) 7 1(pn) pnpk
<> / ©) = ulzki)
Kl Kl
peVL |w|=n W41

X dp(pr1)dp(wy)

,ﬁ
< Cop(pn)” 7 1(pn anpk

/I<l /B(xvpk

o0

B

< Crpdp(pn)” 5y Wipn) Y oy (k)P
k=n

— u(y) Pdu(y)dp(z)

X o)l

<Cs > (anb)™”

k=n

k) (4% (Ba/\By)—(cra Very) —6)

2250163-9
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x [u]}

B (by Lemma 2.]).

(35)

= C9[U]33§

B8
Now we estimate ©(py,) 7" ¥ (pn)En(u). To do this,
substituting (B3] into [B0), we have from (B4]) and

B5) that
o(pn) ’Bﬁw(pn)En( )

< 12w(pn)*ﬁﬂ*w(pn)

s oo

K
peVE . lw|=n M( Wm

x / () — (i) Pdpa(1n)
Kl

i Z Z PnPkK

peVE |w|=n k=n ( wk+1)

< / ~ ()P
K wk+1
X dp(@pr1)dp(wy)
< Cholu]” BE (36)
which completes the proof. O

4. DISCRETIZING Bj,
In this section, we will give the proof of (1)

by deriving upper bound estimate of [u]gs in
2,2

Lemma and lower bound estimate of [u]zs in
2,2

Lemma We will use the following assertion.

Proposition 4.1. For all u € BgQ, we have

B
ule AZ%% 7 p(pn) !

x / / fu(z)
K J B(z,py)

Proof. Splitting the integral domain r € (0, 1] into
S (pn-i-lapn] (TL > O) , We have

r
) 1
u = r
[ ]35’2 /O /Kl /B(w,r) 4

X |u(z) —u(y)Pdu(y)du(x)> %

— u(y)Pdu(y)dp().
(37)

()

J.. (/K,/ 1) P

X du(y)du(x )) " (38)

Therefore,

5
(s, <Z<ppn b(pn) !

<[ ( o] e =

X du(y)du(-’r)> %

log(pn/pPn+1)

_ZQO pn _’Bi )_1

x ( Jo ] )~

X dﬂ(y)dﬂ(ﬂf)>

<log(a Vb) Z @(Pn)iﬁ%¢(ﬂ'n)il

x ( Jo )~

X du(y)du(-’r)>- (39)

On the other hand, we have

s > S @(pn) P ()"
’ n=0

/Pn+1 </K’ /B(f’f7pn+1

—u(y)?

2250163-10
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x du(y )ﬁ
,

pn)_l log(pn/pn—i—l)

—Z@pn Ty

ulxr) —u 2
X<A%é@%ﬂg<> )
x dp(y)dp(z))
> log(a A b) Z @(Pn)_‘%w(Pn) !
2
X<A%Lumﬂﬂm@—u@ﬂ

X du(y)du(x)>

> log(a A D) Z @(Pn)iﬁ%lﬁ(Pn)il

x (/Kl /B(x,pn) fu(z)

X du(y)du(w)>- (40)

—u(y)?

Note that K! satisfies the chain condition (see
Definition 3.4 of Ref. 24)), using the same argument
as Corollary 2.2 of Ref. [3, we have that for all n > 1,
there exists some positive constant C'(n) such that

| ute) = o) Paptdnto)

< C(n)e(pn)” ﬁﬁ*w(pn) !

x </Kl /E;@,pn) Ju(z) —

It follows by (H0) that

(y)lzdu(y)du(-%‘)> :

[u ]25 >CZs0 pn) P ()"
— u(y)Pdu(y)du(z),

/K’/ z,pn)
(41)

for some constant C' > 0. Combining (B9) and (41]),
we obtain (37]). O

Convergence of Dirichlet Forms and Besov Norms

By () and (BT), we immediately obtain

w2y < Cluly . (42)

Recall the notation Eg(-),Imn(-) in @7) and

([28). We now present two estimates.

Assume that [ satisfies condition
(B), then there exists a positive constant C' such

that for all u Bg27

Lemma 4.2.

[y < CELy(u). (43)

2,2

Proof. By 29), for pp+1 <r < p, and m > n, we
have

S o(r) () ()
n=0

o0

Z T plon)
Z pn ’6 lﬁpn ZEk
n=0 k=n

¥ (pn) Ex(u)

© k
<Oy Z Z(a A b)(”*’f)(%(ﬁa/\ﬂb)f(aav%))
k=0 n=0
5

x p(pr) P Y (pr) Ex(u)

o0
_B
< s> o) 7 (pr) Br(u),
k=0
where in the fourth line we have used Lemma 2]
and condition (B). Letting m — oo and applying
Fatou’s lemma, we complete the proof. O

Assume that [ satisfies condition
(B), then there exists a positive constant C' such

that for all u BQB27

Lemma 4.3.

£)(u) < Clul, . (44)
2,2

Proof. We adopt the same estimation as the proof

of Lemma with some obvious adjustment. For

each n, let m be an integer that satisfies (3I). It

follows from (B4]) that

w(pn)*f’%w(pn)

2
S

K
pevilzn M
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<[ ) = ulen) Pt

B
< Ci(an b)—n(g—*(ﬁaAﬁb)—(aaVab))[U]JQBB

2,00
Therefore,
> B 2
n) 7T U(pn ——
Z:;Jw(p )" 7 1 (pn) lz R
n peVE, |wl=n
< lut) = ) Pdln)
KfUm
> —n(L —(aa Ve
S Cl Z(a A b) (5* (ﬁa/\ﬁb) ( aV b)) [U]ZBQB
n=0 e
< Oy [u]ég (using condition (B) and (@2)).
2,2

Similarly, by the third line of (BH) and recall that
0<é< %(ﬂa A Bp) — (g V ap), we have

S elon) T (o)
n=0
5
p> Z p;pffd j
PV Jul=n k=n e
o P PR

wk+1

X dp( 1) dp(wr)

<C3Y " plpn) T lpn)

n=0

m
<> o v (or)
k=n

« /K | /B e

-
<ng e(pr) 7" o(pk)
k=0n=0

— u(y)|Pdu(y)du(x)

B
B*

Sl

©(pn)

< 1 (pn) Py W (o) 2

y) / — u(y)Pdp(y)du(z)
K! (z,p1)

<y Z@ PR P (or) !

k=0

k — (£ (BanBy)—(aaVay)=0)
N P
) _0( k)

K! B(:E,pk)

<05 plon) T u(on) !

k=0

(y)du(y)dp(z)

- s
X Z(a A b)(n_k)(B_*(Ba/\ﬁb)—(ocaVab)—(S)

S i)
K! B(:E,pk)

0o 7£ -
< 06290 pr) P (o)

/Kl/ l’pk)
< C

= 6o
BQQ

— u(y)Pdu(y)dp(x)

— u(y)Pdu(y)dp(x)

Then using Fatou’s lemma, we prove the inequality

E). O

5. CONVERGENCE OF B},
TO Bj

In this section, we prove Theorem Let (8 be a
real number that satisfies condition (B). For each
positive integer n, we define a non-negative definite
symmetric bilinear form a,, as

= ‘P(pn)ilw(pn)

x> > (ulp) -

weW] p,qeV}

an(u,v)

)(v(p) —v(q)),

where u, v are continuous real functions on K*. For
simplicity, we write

an(u) = an(u,u).

Note that @(pn) 'e(pn) = (f)imle( )i,
Using Lemma 4.2 and the Remark below it of
Ref. [I8, we see that a, is coincident with the nota-
tion &, in Sec. [ of Ref. [I8. Therefore, by Theo-
rem 5.1 of Ref. [I8, a,(u) is non-decreasing for pos-
itive integer n and

an(u) T aoo(u) := lim @(pn)ilw(pn)

n—-+00

2250163-12
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< 3> (ulp) —ul(g))?

weW} p,geVh
= &) (u). (45)
Moreover, aoo(u,v) = lim, oo @(pn) 19(pn)
2 owewt 2pgevs (u(p) — w(@))(v(p) — v(g)) (with
domain {u : ac(u,u) < oo}) is a regular local

Dirichlet form (see Theorem 5.2 of Ref. [I8)).

Proof of Theorem By ([I3), we see that

=5 (1- —)ng o) an(u)

For the right-hand side, using the elementary
inequality e* > 1 4+ x for z € R, we have from
Lemma 2.1 that

<1 - —> Z@ pu) ' (1)

< (1 - ﬂﬁ) iw(pn)kfﬁ‘ oo (u)

< C1(1 = (ta Aty) Y

(5 — B)E,

% S (ta A t)" T Vae ()
n=0

= Claco(u).

Hence, combined with (@3], we have

limsup(8* — B)€3,(u) < B"Crly(u). - (46)

For the other side, for all A < ax(u), there exists
N > 1 such that for all n > N, we have a,(u) > A.
Then we similarly obtain

(1-2) §¢<pn>l‘%an<u>
<1— g) i Plpn) F A

n=N-+1

> Co(1 = (o V 1) 7 V)

X i (ta\/tb)"<

n=N-+1

éé*l)A

B _
= Oyt v i)V (F ) 4 0pa

Convergence of Dirichlet Forms and Besov Norms

as 0 T B*. It follows that
lim inf (8* — B)EL,(u
minf(5* — 9)&(0)
for all A < aso(u). Hence, we also obtain

li inf(3" — B)Exy(u) > B*CaEY ().  (47)

> [*CrA

By ({@6) and (1), the proof is complete. Note that
the proof is still valid when aq,(u) = 0. O

Note that 55 o defined on the Sierpinski gasket

SG(2) converges to 526;0 as # 1 /* in the sense of
Mosco in Ref. 3l However, we do not use the similar
method to obtain Mosco-convergence of Dirichlet
form for general scale irregular Sierpinski gaskets,
since the semi-norms 826 o are not monotonic in f.
In addition, we will further study the convergence
of p-energy for the scale irregular Sierpinski gaskets
in an upcoming paper based on Ref. 27.
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