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Adaptive Graph Learning
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Abstract— As data sources become ever more numerous with
increased feature dimensionality, feature selection for multiview
data has become an important technique in machine learning.
Semi-supervised multiview feature selection (SMFS) focuses on
the problem of how to obtain a discriminative feature subset from
heterogeneous feature spaces in the case of abundant unlabeled
data with little labeled data. Most existing methods suffer from
unreliable similarity graph structure across different views since
they separate the graph construction from feature selection and
use the fixed graphs that are susceptible to noisy features.
Furthermore, they directly concatenate multiple feature projec-
tions for feature selection, neglecting the contribution diversity
among projections. To alleviate these problems, we present an
SMEFS to simultaneously select informative features and learn a
unified graph through the data fusion from aspects of feature
projection and similarity graph. Specifically, SMFS adaptively
weights different feature projections and flexibly fuses them to
form a joint weighted projection, preserving the complementarity
and consensus of the original views. Moreover, an implicit
graph fusion is devised to dynamically learn a compatible graph
across views according to the similarity structure in the learned
projection subspace, where the undesirable effects of noisy
features are largely alleviated. A convergent method is derived
to iteratively optimize SMFS. Experiments on various datasets
validate the effectiveness and superiority of SMFS over state-of-
the-art methods.

Index Terms— Graph learning, multiview data fusion, multi-
view feature selection, semi-supervised learning.

I. INTRODUCTION

N MANY real-world applications, such as scene clas-
sification, handwritten recognition, and object detection,
data with multiple representations from different sources are
collected to form multiview data. In multiview data, each view
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naturally corresponds to a feature representation that con-
tains independent statistical properties [1]-[4]. For instance,
an image can be depicted by diverse types of features,
such as histogram of oriented gradients (HOG) [5], local
binary patterns (LBP) [6], GIST [7], etc. Although these
multiview features characterize data from different perspec-
tives, their high dimensionality demands high computation
and massive storage during data processing. Moreover, high-
dimensional data inevitably contain some redundant or even
irrelevant (noisy) features that might degrade the effectiveness
of subsequent tasks [8], becoming the main challenge in data
mining. As a topic of interest in multiview learning, multiview
feature selection aims to obtain a lower-dimensional feature
representation (i.e., feature subset) by removing the irrele-
vant and redundant features from the heterogeneous feature
space. Due to the comprehensive representation and better
interpretability for multiview data, multiview feature selection
has caught the attention of many researchers [9]-[14].

The key challenge in multiview feature selection is to effec-
tively mine and exploit the consensus and complementarity
among views to select the features that cover the original
feature space well. Current multiview feature selection tech-
niques can be categorized into supervised, unsupervised, and
semi-supervised groups according to the availability of label
information in data [15]. Supervised methods usually require
sufficient labeled data to maintain promising performance.
Unsupervised methods select features guided by the intrinsic
structure of data, but often fail to identify some discriminative
features due to the absence of label information. Abundant
unlabeled data in the real world are expensive to label, there-
fore, it is desirable to develop semi-supervised multiview fea-
ture selection (SMFS) that simultaneously exploits labeled and
unlabeled data. Although semi-supervised multiview learning
has attracted much attention in recent years [16]-[20], to the
best of our knowledge, relatively few efforts have been made
on SMFS.

To identify relevant features from multiview data where
only a small proportion has been labeled, existing methods
in the literature follow two different ways. The traditional
way is to indiscriminately concatenate multiple features first
and import the concatenated features into single-view models
that mostly employ data distribution structure or a sparsity
constraint to evaluate the importance of features [21]-[25].
For example, Zhao et al. [21] proposed to select features
according to the label information and the local structure
information of data. Ma et al. [24] proposed a structural
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feature selection with sparsity (SFSS) which selects features
by jointly exploiting an />;-norm regularization and manifold
learning. Chen er al. [25] proposed a semi-supervised feature
selection via sparse rescaled linear square regression (SRLSR)
model, using a general /,,-norm (p € (0, 1]) to ensure the
sparsity of the feature space. However, these methods are
originally designed for single-view data such that they treat
view-specific features equally and neglect the complementarity
among views, weakening their effectiveness and applicability
for multiview scenarios.

To alleviate this issue, another way is to directly perform
multiview feature selection, thereby considering the diversity
of different views. Representative methods include mani-
fold regularized multiview feature selection (MRMVES) [10],
multiview Laplacian sparse feature selection (MLSFS) [26]
and multiview Hessian semi-supervised sparse feature selec-
tion [27]. These methods commonly follow two steps, i.e.,
construction of an individual graph for each view to describe
the view-specific similarity structure and feature selection
based on a weighted combination of multiple view-specific
structures. Despite achieving better performance than single-
view methods, these multiview methods suffer from at least
two deficiencies including: 1) the view-specific similarity
graph is simply derived from the original feature space where
lots of redundant and noisy features inevitably exist. More-
over, the local similarity structure remains constant during
the process of feature selection, making the learned graph
suboptimal and 2) these methods treat the feature projec-
tions of different views indiscriminately and directly use the
projection matrix of concatenated features to select features,
ignoring the relationship (i.e., the complementarity and con-
sensus) between different views in the aspect of feature projec-
tion [28], [29]. Recently, Shi et al. [30] proposed a multiview
adaptive semi-supervised feature selection (MASFS), which
dynamically updates view-specific graphs according to the
Euclidean distance between original data points. However, the
Euclidean distance is sensitive to the redundant and noisy
features that usually exist in multiview data leading to the
unreliable graph [31]-[33], thereby affecting the effectiveness
of selected features.

Motivated by the aforementioned problems, this article
proposes a novel multiview feature selection algorithm, called
SMFS with adaptive graph learning. The main contributions
of this article are summarized as follows.

1) We design a novel SMFS algorithm that comprehen-
sively exploits multiview data from the aspects of both
the feature projections and the similarity graphs to adap-
tively learn a unified graph and simultaneously select
discriminative features.

2) We distinguish the feature projections of different views
and adaptively coalesce them to form a joint weighted
feature projection by merging the learned view weights
into the view-specific projections so that the comple-
mentarity and consistency among multiple views in the
level of feature projection can be naturally preserved.

3) We learn a reliable similarity graph across multiple
views by virtue of the implicit graph fusion across views
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and the similarity structure in the projected feature sub-
space, which positively facilitates the feature selection.

4) An effective and provably convergent optimization

method is developed to solve the formulated objec-
tive function, and extensive experiments on various
datasets are conducted to demonstrate the effectiveness
of SMFES and its superiority over other state-of-the-art
competitors.

The remainder of this article is organized as follows.
We first introduce the formulation of SMFS, including
adaptive-weighting multiview feature selection, adaptive graph
learning, and optimization procedure in Section II. Then
Section III analyzes SMFES in three aspects. In Section IV,
we conduct extensive experiments to validate the proposed
SMFS algorithm on various multiview datasets. Finally,
we conclude this article and propose some future directions
in Section V.

II. SEMI-SUPERVISED MULTIVIEW FEATURE SELECTION
WITH ADAPTIVE GRAPH LEARNING

In this section, we introduce the proposed SMFS algorithm.
First, the adaptive-weighting multiview feature selection
model is formulated in Section II-A. Adaptive graph fusion
and learning is developed in Section II-B. Section II-C
presents the unified framework integrating the multiview fea-
ture selection and adaptive graph fusion and learning. Finally,
Section II-D details the optimization procedures of SMFS.

A. Adaptive-Weighting Multiview Feature Selection Model

Recently, a multiview fusion model has been widely used
with a unified formulation as follows:

4
i 1

oum DZ:;nD fo@) Q)
where 7, is the weight of the vth view, f,(-) is a problem-
specific function, x is a task-dependent variable, V is
the number of views, and hyperparameter # > 1 con-
trols the distribution of {ﬂu};/:]- Multiview learning can be
implemented in various ways using different functions and
variables.

In the machine learning field, a linear least-squares regres-
sion model is frequently utilized to learn a projection subspace
according to the prediction label F € R"™¢ (n and c are
the numbers of samples and classes, respectively), thereby
preserving the discriminative information of training data [34].
Accordingly, f, (-) can be materialized as a loss function which
encodes the mismatch between the linear projection X! W, +
lbz and F, where b, € R*! denotes the view-specific bias
vector and W, € R%»*¢ (d, is the dimensionality of the oth
view) is the feature projection matrix that maps the original
features X, € R%>" into the subspace. For simplicity, b, is
absorbed into W, by adding 1 € R"*! as an additional row
of X, to reform (1) as follows:

14
> l|XIW, —F|;. @

v=1

min
FW,,7,>0,>, 7,=1
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By keeping W,, and x, fixed, we take the derivative of (2)
with respect to (w.r.t.) F and set it to be zero

14
=> a,X/W

Vv
D rI(F-XIW,)=0= =l (3)
v=1 7[:7
; :

where a, can be viewed as the nonnegative weight for the vth
projection subspace X! W, and Zl‘)/:l o, = 1. The solution to
F is achieved by merging the single-view projection subspace
set {X W, }V | in an optimal combination. Note that {ocu}D .
are linearly imposed on the single-view projections, which
might lead to the trivial solution, that is a, = 1 only
for the best one and a, = 0 for others, thereby impeding
the possibility to take full advantage of the consistent and
complementary information contained in multiple views.

To better cope with this problem, the equality constraint of F
is relaxed to a quadratic penalty term by introducing a flexible
regression residue (i.e., F — zl‘)/:l aUXDTWU) to model the
mismatch between F and the weighted combination projection
ZX=1 2, XI'W,. Meanwhile, considering that each row of W,
reflects the importance of the corresponding feature, if W, is
sparse in rows, feature selection can be naturally performed
by selecting the features associated with the nonzero rows in
W, [35]. Owing to the efficacy shown in the state-of-the-art
works [11], [36], the /5 ;-norm constraint is imposed on W,
to ensure that W, is row-sparse. Therefore, a feature selection
model that compatibly fuses multiple views from the level of
projection subspace is put forward

\%
- > aX]W, +/IZIIW oy 4

v=I v=I

Oy = 7[1:7

min
F,W,,a>0,1Ta¢=1
where @« = [a1,,...,ay] € RV is a welght vector. Differ-
ent from most existing studies, the proposed model learns
view-specific feature projection subspaces {X!W,}'_, for
each view and discriminates different projections with the view
weights {a,}Y_,, which takes full advantage of the comple-
mentary information from different projections. To facilitate
feature projections consensus, the prediction label matrix F is
employed as the common regression target across views, which
maximizes the consistency among view-specific subspaces.
Moreover, considering that the weight o, depends on the dis-
crepancy between F and X!'W, such that none of single-view
feature projections can outperform others. By modeling this
discrepancy, a, can be determined adaptively. Therefore, this
fusion manner not only avoids the trivial solution of & but also
releases the model from the extra hyperparameter #.
However, the objective function in (4) is difficult to be
optimized due to the introduction of «. To solve this problem,
we merge ocD into its associated feature projection matrix
W, = [w!, Wi as a,W, = W,, where W is the
ith row of WD and W, = [a,W), a,W?, ..., a,wh] € Réx¢
denotes the weighted feature projection matrix. According to
the definition of /; ;-norm, we have
dv dv

Oy W’ al,w' —au E \/w’ w’

i=1 i=1

IW.l,, =
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= a,[|W, ”2,1

Vv
— > W, s, =Z I "”” 5)
v=1

v=1

Therefore, the proposed multiview feature selection model
in (4) can be transformed into
[W. ”2 1

min F-X"W|_.+4 6)
F,W,a>0,17Ta=1 ” HF ;

where X = [X}, ..., Xy]7 € R is the concatenated feature

matrix, W= [V~V1, e, V~VV]T € R¥*¢ denotes a joint weighted

feature projection matrix across all V views, and d = ZX:I d,
is the dimension of features across all V views. Different from
previous methods [10], [26], [30], the proposed multiview
feature selection model not only distinguishes the feature
projections derived from different views but also coalesces
them in an adaptive-weighting way, thereby providing a com-
prehensive representation and feature projection-level fusion
compatible across all views. Moreover, we can efficiently
optimize (6) by merging a, into the corresponding projection
matrix, such that the correlation and complementarity among
multiple views can be naturally preserved in the joint weighted
projection subspace XTW.

B. Adaptive Graph Fusion and Learning

In real-world applications, the unavailability of labeled
data motivates feature selection to evaluate features based
on the similarity structure of data. Consequently, learning a
graph that effectively preserves the structure is critical for
selecting informative features [36]. To avoid the separation of
graph construction and feature selection, we plan to perform
feature selection and graph learning simultaneously, such
that the sample similarity in the projected feature subspace
is also taken into account, alleviating the adverse impact
of redundant and irrelevant features (in the original feature
space). Toward this end, two important factors are considered
for adaptive graph fusion and learning: 1) the graph fusion
should explore the intrinsic structure across multiple views,
so that the fused graph not only mines the similarity structure
within each view but also captures the structure compatible
across multiple views and 2) the similarity information directly
derived from the original feature space might not be fully
reliable, making the learned feature selection matrix subopti-
mal and thereby degrading the performance. To achieve them,
an adaptive graph fusion and learning model is proposed as
follows:

Zns Sl + u Zs,ij x —Wix;[|2 ()

1)1 i,j=1

S

where {S°}"_, denotes the view-specific graphs constructed
from the orlglnal feature space [37], s;; is the similarity
between samples x; and x;, and ¢ > 0 is the regular-
ization parameter. The first term implicitly fuses previously
built single-view graphs {S“ _; to learn a unified graph
S through automatically assigning weights according to the
matching degrees between S and {S°})_,. The second term
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can be viewed as a weighted £;-norm constraint on S, which
enables (7) to adaptively select several projected neighbors.
By virtue of the weighted concatenated feature projection
matrix W, the graph S adaptively fused from {S"}V_, is
also guided by the sample similarity in projected feature
subspace. In this way, multiview feature selection and sim-
ilarity graph learning can benefit from each other in a mutual
reinforcement manner.

C. SMFS Algorithm

We propose a new SMFS algorithm by combining adaptive
graph learning and multiview feature selection based on the
preliminary formulations described in Sections II-A and II-B.
It is pertinent to note that the feature selection matrix w
obtained from (6) is affected by the prediction label matrix
F. To select informative and discriminative features, F should
vary smoothly along with the learned graph S and be consistent
with the known labels of / labeled samples (i.e., Y;) according
to the semi-supervised setting [38]-[40]. Specifically, F can be
further constrained by graph-based label propagation [41]

min Tr(F"LsF) + Tr((F — Y)"U(F - Y)) ®)

where Lg € R"*" is the Laplacian matrix of S, Y = [Y;; 0] €
R™¢, and U € R"" is a diagonal matrix in which diagonal
element Uj; is a very large number if x; is a labeled sample
and 1 otherwise. Ly = Dg — (S” + S)/2, where Dy is
the diagonal degree matrix with the ith diagonal element
23:1(51' j +5;i)/2. In addition to constraining the smoothness
and the label consistency of F, (8) ties the graph learning
and the feature selection processes together. Based on the
multiview feature selection and the graph learning proposed
in (6) and (7), respectively, we formulate the final objective
function of SMFS as follows:

min  Tr(F'LgF) + Tr((F — Y)"U(F - Y))

F.W.S,a
+y(||F xTw||F+zz ”2‘)
v=I1 Qo

\% n
B[ DS~ S+ D 5y [WTxi — Wx 3

v=1 i,j=1
st.a>0,a’l=1, S1=1,S>0 )

where y and S are the parameters to balance projection
learning and graph fusion, respectively. Different from existing
methods, SMFS not only discriminates multiple feature projec-
tions by virtue of the adaptive weight a, but also preserves the
consensus and complementarity in the projected subspace by
merging « into the joint projection matrix W. Furthermore,
by projecting the original data X into the subspace, SMFS
performs feature selection and graph learning based on the
sample similarity in the projected subspace, thereby alleviating
the undesirable effect of irrelevant and redundant features.

D. Optimization Procedure

It is important to emphasize that (9) is difficult to solve
immediately since it contains the unsmooth /, j-norm and is
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not a jointly convex problem w.r.t. all variables. To obtain the
optimal solution, we design an iterative optimization method
which works in iterations to alternately optimize a variable
by fixing the values of other variables and guarantees the
monotonic decrease of the objective function in (9). This can
be achieved via the update rules given below.

1) Update F: When V~V a and S are fixed, the subproblem
of (9) is simplified into
min Tr(F"LsF) + Tr((F — Y)"U(F - Y))
~ 2
+y|[F-X"W|,. (10

Taking the partial derivative of (10) w.r.t. F and setting
it to be zero, we have

y(F—X"W) +LsF+ UF - Y)=0= F =PQ
Y

where P = (yI+Ls 4+ U)~' and Q = UY + yXTW.
2) Update W: Replacing F with its optimal solution in (11),
the problem in (9) w.r.t. W is

min Tr(Q"P” (yI + Ls + U)PQ
w
—2Q"P"(UY + yXTW))

LN

v=I
where M = yI 4 28uLs. Due to Q"P"(yI + Ls +
U)PQ = Q"PT(UY + 7 X"W) = Q"PQ, (12) can be
written as

+Tr (WTXMXT (12)

Tr(W'XMX’W — QPQ) + /lz H”.

v=1

By substituting Q = UY + ¢ XTW, (13) is simplified as

MZ ZH o2

v=I %o
(14)

13)

min Tr(W/ GW) — 2 Tr(B" W) +

w

where G = X(M — y?PT)XT, B = y XPUY, and W' is
the ith row of W,. Taking the partial derivative of (14)
w.r.t. W, and setting it to be zero, we obtain

GW—-B+ 7AW =0= W= (G +7ylA)"'B

15)

where A = [Al,...,AY] e R jis a diag-
onal matrix with A® = diag((a;'/Q2IW!I2)), ...,
(a;'/2|W%2))) € R%>4 Note that A is unknown
and depends on W once W is determined, then A can
be updated accordingly. Thus, the optimal solution of w
can be obtained by updating A and w alternately.

3) Update o: When variables are fixed except «, the
problem in (9) w.r.t. o is written as

Vv

. )

min —

a>0,a’1=1 oy
v=1

(16)
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where ¢, = ||\7VU||2,1. To satisfy the constraints in (16),
the Lagrangian function is formulated as

v

:ZZ—D—}—n(aTl—l)—qSTot

=1 Y

Lo, n, $) a7

where 7 € R and ¢ € RY are Lagrangian multipli-

ers. Considering that the optimal & should satisfy the
Karush—Kuhn—Tucker (KKT) condition [42], we have
—S ¢y =0
a el)
Yo : T1 _ = 0y =
OCDZO, a'l=1 ”*_qs;k
¢, =20, ¢yo, =0

(18)

where #* and ¢, are the optimal values of # and ¢
corresponding to the optimal solution of &, respectively.
Since a, > 0, ¢, > 0 and ¢fa, = 0, we know that
¢fr =0if a, > 0, and a, = 0 if ¢} > 0. Based
on a’1 =1, we can infer the optimal solution of «

v v
e - B Jeo
UZ;\/%_lé\/iy_—;@:av—i(leﬁ).

19)

The solution of a, in (19) satisfies the nonnegative
constraint because of ¢, > Q for each o.

4) Update S: When «, F and W are fixed, the optimization
subproblem of (9) becomes

v
min S-8
s, B §1|| (53
=

+ Tr(FLsF + 284 W' XLsX"W).  (20)

Without introducing explicit weight factors, (20) implicitly
and adaptively fuses multiple single-view graphs {S°})_, to
learn a unified graph S, whose Lagrangian function is

\%4
B IS =" + Tr(F'LsF + 284 W' XLsX" W)
v=1

+T(A,S) (1)

where A denotes the Lagrange multiplier, and I'(A,S) is a
formalized term derived from constraints. Taking the derivative
of (21) w.r.t. S and setting it to be zero, we have

4 2
oIS =Sl or'(A,S)
ﬁ;‘]“ s &
OTr(FTLgF + 28 uWT XLgX”W
n r( sF+28u S ):O 22)
oS
where
1
G = ——. (23)
T2IS =S lp

Equation (22) cannot be directly solved because ¢, depends
on S. But when g, is set to be stationary, (22) essentially boils
down to the following problem:

min
$1=1,S>0

Vv
B alS—S"I7
v=1
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+ Tr(FTLsF + 28 u W' XLsX"W). (24

Thus, (20) is equivalent to (24) if g, is stationary. After
we learn S from (24), g, can be determined correspondingly,
which inspires us to optimize S and ¢, alternately. Specifically,
with fixed ¢,, (24) can be rewritten as

s1ninsl>o 2 Z £ _fJHZSIJ '*‘ﬁZZqDHS, s} H2

i,j=1 i=1 v=I
n

~ ~ 2
+pu D s |Wix — Wi, [)  (29)
i,j=1
where £, s; and s/ are the ith rows of F, S and S”, respectively.
Note that the optimization problem in (25) is independent for
different i, so that each row of S (i.e., s;) can be separately
solved as

min (26)

v

. e
§:>0,s;1=1 qu Hsi - H2 + s;d;
where d; € R"*! with the jth element d;; = (1/2B)If" —

f/ || +u ||WTX, WTx; j ||2 By simple algebraic manipulations,
(26) can be further reformulated as

min_ls; — w3 27)

$;>0,8;1=

where w, = (1/q)(X,_; @8} — di/2) with ¢ = 3 qu.
Equation (27) can now be efficiently optimized with a closed
form solution [43], whose Lagrangian function is denoted as

1
‘C(Sia 01" Cl) = 5”51‘

where ; € R and ¢; € R" are Lagrangian multipliers.
According to the KKT condition, the optimal solution of s;
satisfies that

—wl3 —0(si1—1) —s;; (28)

Sij — Uij —Hl-* —C;; =0
VJ SijZO, sil=1

(;; ZO; C;;Sij:O
where 07 and (;; denote the optimal Lagrangian multipliers
of 0; and (; corresponding to the optimal s;;, respectively.
Based on the above constraints, the optimal s;; = (u;; + 6)
if we know 67, where x; = max(x, 0). Due to s;1 = 1 and
{5 = 0 for Vj, we obtain

0F = tii —Uujj — C*
¢ / Ifl*J C* :>sij:(tij_
— ¢+

where t;; = u;; — ((1Tu,~_)/n) + (1/n) and ¢* = ((ng“i*)/n).
Thus, we can get s;; if ¢ is known. Based on (30) and the
constraint s;; > 0 for Vj, we have

(29)

), (30)

Sij = lij

Cij’ = (C tlj (31

3

lzg —1),

By introducing a function f(*) = (l/n) Z, (=t —
¢*, £* would be achieved when f(7*) = 0, which can be
iteratively solved with Newton’s method, as follows:

t+1 t f/ (Cz*)

(32)
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Algorithm 1 Optimization Algorithm for SMFS
Input: Data X = [X,..., Xy]”, ground truth labels Y, of

labeled data X”, 1n1t1ahzed single-view graphs {S"}" v—1> and
parameters y, 4, f and u;
1: Initialize &, = 1/V for each view, S = 3.'_, §”/V, and

w by least squares regression on {X*,Y,};

2: repeat

3 Updated F by Eq. (11);

4 repeat _

5 With current W, update the diagonal matrix A;

6: With current A, update w by Eq. (15);

7: until convergence

8 Update a by Eq. (19);

9: Update g, by Eq. (23);

10: Update each row of S by solving Eq. (27);

11: until the objective function of Eq. (9) converges;

Output: The joint weighted feature selection matrix W. The
matrix is used to calculate the feature scores ||[W' |, (i =
1,2,...,d), and select p features with the highest scores.

SMES separately solves the subproblems of F, W, a and
S, and repeats these procedures iteratively until the objective
function converges. We further summarize the overall pipeline
of solving SMFS in Algorithm 1.

III. ALGORITHM ANALYSIS

This section gives analyses of the proposed SMFS algo-
rithm in three aspects. We first analyze the convergence
property of SMFS theoretically, then discuss the relation-
ship between SMFS and some single-view feature selection
methods. Finally, we consider the computational complexity
of SMFS.

A. Convergence Analysis of SMFS

The variables in SMFS are alternately optimized since
the objective function defined in (9) is not jointly convex
w.r.t. all variables. Therefore, it is necessary to prove that
the optimization procedures described in Algorithm 1 can
monotonically decrease objective function value in each iter-
ation until convergence. The proof of the convergence of
SMES is: for convenience, suppose that we have F,, W,,
S;, o after the tth iteration, and the corresponding objective
function is

‘c(Ft’ WZ’ Sta al)

= Tr(F/ Ls F,) 4+ Tr((F, — Y)"U(F, - Y))
7 (% = XTW, | + 2T (WF A, W)

|4
+B DI — 8”5 +28uTr(W XLg XTW,).

v=I

(33)

With current W,, S, and o, Algorithm 1 obtains W,+1 in
the ¢ + 1 iteration, which holds that
g (WH—I) +y ATr (Wt+1AtWt+l)

< G(W,) +yATr(WIA,W,)  (34)
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where G(W) = 28 uTr(W' XLs X" W) + 7 |[F, — X" W/, A,
and Lg, are, respectively, computed by W,, &’ and S,. Accord-

ing to the inequality /x — (x/2./y) < /¥y — (y/2/y) in [44],

it is derived that

e [®).0

%], -2 AL 5
< 2[),1,

IA

:ag(wwo,ﬂz,,"z”

[(Wo), [, - Z 2||y\((w;),||}|2)

" H( ”)f“Hm =
= > — Tr(W7, A W,41)
v=1 v
’ H (W") H21
< ; 7%’ Tr(W/AW,). (35)
Summing (34) with the y A times of (35), we get
v H (W,) +1H
G W) 4723 Lt
v=I a“
<g(w, )+ /12 )H21
v=1
= ‘c(Ft’Wl-‘rl’StaaZ) S ‘c(FlaWt)Sl,ut) (36)

which indicates that the objective function decreases monoton-
ically by iteratively optimizing W with current W;, S, and
a'. Meanwhile, we note that F and &« can be sequentially
updated with the closed-form solutions by fixing W as W,;.
Thus, we directly have

E(F[+1,W[+1,St,a +1) S E(F[,W[+],S[,(¥t). (37)

Finally, when we fix W as W,,; and F as F,,,, SMFS
updates S with current S; and ¢!, which holds that

|Sz+1 Sv ”F
/)’Z 2|18, —

Sl

IS —S"I%

+ F(S
218 — S* Il o)

+F(Sip) < B Z
(38)

where F(S) = 28uTr(WL,  XLsX" W) + Tr(F,  LsF,41).
Similarly, for (35), we can infer that

Vv

IS+1 — svn%)
IS4 — S|l p — b~ F
;( s - Sy
IS, — svnz)
<>'(1s, -8 . (39)
Z(’ P08 - Sy

v=I
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Summing (38) with the g times of (39), we get

Vv
B (ISi41 =" x + F(Sii1)
v=1

IA

Vv
B US =S llx + F(S)
v=1

= ﬁ(FtJrl, Wt+1, Sit1, atﬂ)
<

L(F1, Wig1, Sy ™). (40)
Based on (36), (37), and (40), we can infer that
£(FZ+I’WZ+1’SI+laaZ+1) E ‘c(FlawtaSl’ut)' (41)

Considering that L(F, V~V, S, «) has a lower bound (at least
above 0), we conclude that the objective function of SMFS is
monotonously decreased until convergence.

B. Connection to Single-View Feature Selection Methods

In this section, we analyze the relationship between the
proposed SMFS and previous single-view feature selection
methods. First, when the number of views is set to 1 (i.e.,
V = 1), the proposed SMFS becomes a single-view problem,
in which the graph S is adaptively optimized according to
the sample similarity in the original feature space and the pro-
jected subspace simultaneously. Accordingly, the single-view
version of SMFS, i.e., SSFS, can also be used to validate
the effectiveness of SMFS in Section IV, and it is formulated
as

. T T

. Tr(F"LgF) + Tr((F — Y)" U(F — Y))
n

+B(IS =8 Tt 2 s [ Wi = Wix

i j=1

+7 (JF =X + AW, ). “2)

The optimization of SSFS can use the procedures provided
in Algorithm 1. Notably, SSFS is equivalent to the objective
function of SFSS [24] if we set f = 0, and it can be further
generalized to an unsupervised method by replacing the label
consistency constraint on F with the orthogonal constraint
F'F = L Similarly, when y — oo and 8 = 0, SSFS shares
the similar goal with [25] by changing [[W]|2; to [W]l2,, (p €
(0, 1]). Thus, these feature selection methods can be viewed as
the special cases of the proposed SMFS under the single-view
scenario. In another perspective, it can be seen that SMFS
performs feature selection and graph learning simultaneously,
while most existing methods predefine similarity graph based
on the Euclidean distance between samples in the original
feature space, and fix the graph during feature selection.
Therefore, SMFS can achieve better performance in practice
owing to the adaptive multiple graph fusion and learning
model for feature selection.

C. Computational Complexity Analysis

The optimization procedure of SMFS is iteratively updating
F, W, o and S with (11), (15), (19) and (27). Here, we briefly
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analyze the computational complexity of SMFS. Specifically,
updating F and W involve matrix inversions, and take O(n?)
and O(d?) in each iteration, respectively. For the optimization
of a, it usually takes O(dc?) to solve (19). Since S is solved
with O(n) for each row, it costs O(n>) for entire S. Besides,
updating ¢, by (23) is no more than O(n?). Due to ¢ < d
and ¢ < n, the total computational complexity of SMFS is
approximated by O(Td>* + Tn?), where T is the number of
iterations in Algorithm 1. It is notable that T is less than 5
for SMFS to converge empirically (see Section IV-E).

IV. EXPERIMENTS

In this section, we present the experimental studies of the
proposed SMFES. First, we visually demonstrate the ability
of SMFS in capturing the similarity structure of data, and
further quantify the impact of noisy features (or views) on
the performance of SMFS. Second, we perform experiments
on real multiview datasets to further verify the superiority of
SMES over state-of-the-art methods. Furthermore, experiments
on emotion recognition datasets are conducted to intuitively
demonstrate the effectiveness of SMFS in terms of identifying
critical views among multiple views and selecting discrimina-
tive features within each view. Finally, we show the parameter
sensitivity and convergence analysis of SMFS.

A. Experiments on Synthetic Dataset

We followed [32] to randomly generate a synthetic dataset
(e.g., Two-moon) to demonstrate the capability of SMFS for
multiview data. The Two-moon dataset consists of two views
from two clusters, in which each cluster contains 100 sample
points. The first two dimensions of both views are generated
with a moon pattern with 0.12% noise and are shown in
Fig. 1(a) and (e), respectively, where each moon stands for
one cluster and the points marked with blue circles denote
the labeled samples. To intuitively verify the effectiveness of
SMEFS, eight additional noisy features randomly distributed
in the range of —0.2-0.2 are also added to each view of
Two-moon data, resulting in totally ten features in each view.
Fig. 1(b) and (f) depict the initialized similarity graphs that
are directly constructed from the 2-D feature space, and
Fig. 1(c) and (g) show the graphs that are built from the
feature space containing the noisy features. From the results,
it is evident that although the graphs in Fig. 1(b) and (f)
can roughly identify the data distribution structure, different
clusters are still connected with several lines. Furthermore, the
connecting lines between the two clusters in Fig. 1(c) and (g)
are significantly strengthened when the noisy features are
added to the feature space. This visualization indicates that the
noisy features adversely affect the sample similarity structure
and degrade the reliability of graph, thereby making the
clusters even harder to be separated. Fig. 1(d) and (h) show
the similarity graphs that are dynamically learned from the
original feature space containing noise as well as the projected
feature subspace. From Fig. 1(a)—(h), we observe that the
learned graphs correctly explore the data distribution structure,
such that different clusters can be explicitly separated without
any connecting lines, which means the similarity graph learned
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Similarity graph learned by SMFS and the initialized graphs with or without noise for different views of the Two-moon dataset. (a) Original data from

view 1. (b) Initialized graph in view 1. (c) Graph with noise in view 1. (d) Learned graph with noise in view 1. (e) Original data from view 2. (f) Initialized
graph in view 2. (g) Graph with noise in view 2. (h) Learned graph with noise in view 2.

by (7) can deliver more discriminant information and thus is
more effective for label propagation and feature selection than
the initialized single-view graphs. This indicates that SMFS
can exploit the similarity structure in projected feature space
to learn a reliable graph across multiple views, even though
there exist noisy features.

B. Experiments on Waveform Dataset

To further analyze the impact of noisy features and views on
the performance of SMFS, we conducted experiments on the
Waveform! dataset, which is widely used in feature selection
tasks [45], [46]. The Waveform contains 5000 samples with
40 features, consisting of 21 normal features (used as the
first view) and 19 noisy features (used as the second view).
Obviously, the noisy features in the second view would hamper
feature selection, such that an ideal multiview feature selection
should identify the relevant features from the first view and
simultaneously assign appropriate weight to each view. In this
experiment, the Waveform is randomly partitioned into two
parts, i.e., 1000 samples for training and the remaining for
testing. To verify SMFS, we add noisy features to the above
two views gradually and evenly, in which the noisy features are
independent and identically distributed from A/(0, 1). SMFS is
first run 20 times on disparate training sets to select optimal
feature subsets, in which the proportion of labeled samples
varies from 10% to 30%, then the top ten features selected
by SMES are adopted to train the regularized least-squares
classifier (RLSC). The average classification accuracy on
different testing sets is used to evaluate the effectiveness of
SMES on feature selection.

To quantify the impact of noisy features on performance
more intuitively, the accuracies against the gradually increas-
ing noisy features are illustrated in Fig. 2(a). As can be
seen, the accuracy with different proportions of labeled sam-
ples has a slightly decreased trend with the increase of
noisy features, demonstrating better robustness against noisy

Uhttps://archive.ics.uci.edu/ml/machine-learning-databases/waveform/

0.82

s
%

Accuracy (%)
°
S
3

Value of Weight Factors

e
3
3

[-0.10 = 0.15 4020 +0.25=-0.30

150 0 s 10 15 20 25

50 100
The Number of Noisy Features The Number of Iterations

(a) ()

Fig. 2. Experimental results on waveform, in which (a) shows the accuracy
variation curves with gradually added noisy features, and (b) shows the view
weights w.r.t. the number of iterations.

features. It is particularly noteworthy that SMFS behaves
more stably against the increase of noisy features when the
labeled proportion is larger than 15%. This indicates that
SMEFES is more immune to the noisy features with more
labeled samples. Furthermore, Fig. 2(b) records the view
weights after each iteration when the labeled proportion and
the number of noisy features are 20% and 60, respectively.
From the results in Fig. 2, we observe that: 1) SMFS can
identify the relevant features for classification from the first
view such that the performance is less affected by the noisy
features and 2) the noisy features in the second view likewise
cannot degrade the performance since SMFS assigns appro-
priate weights to different views, thereby weakening its role.
Therefore, SMFS maintains promising effectiveness for mul-
tiview feature selection in the presence of noisy features and
Views.

C. Experiments on Multiview Datasets

1) Experimental Setting: Toward the further evaluation of
the proposed SMFS algorithm, we employ six real multiview
benchmark datasets including MSRC-v1, Handwritten (HW),
Caltech101-7 (Cal-7), COIL20, ORL, and SCENE. The details
about all datasets including the numbers of classes, the data
sizes, and the dimension of features (i.e., the values in brack-
ets) in different views are summarized in Table I.
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TABLE I
DETAILED INFORMATION OF MULTIVIEW DATASETS

View \ MSRC-v1 HW Cal-7
#1 CENTRIST(1302) PIX(240) GABOR(48))
#2 CMT(48) FOU(76) WM(40)
#3 GIST(512) FAC(216) CENTRIST(254)
#4 HOG(100) ZER(47) HOG(1984)
#5 LBP(256) KAR(64) GIST(512)
#6 SIFT(200) MOR(6) LBP(928)
Feature size 2418 649 3766
Classes 7 40 7
Data size 210 2000 1474
View | COIL20 ORL SCENE
#1 GIST(512) GIST(512) GIST(512)
#2 HOG(420) LBP(59) CM(432)
#3 LBP(1239) HOG(864) HOG(256)
#4 SIFT(630) CENTRIST(254) LBP(48)
Feature size 2801 1689 1248
Classes 20 40 8
Data size 1440 400 2688

To comprehensively verify the effectiveness and superiority
of SMFS, we compare SMFS with different feature selection
methods, including four semi-supervised single-view methods
and four state-of-the-art multiview feature selection meth-
ods, respectively. We briefly introduce these methods in the
following.

1) Locality sensitive discriminant feature (LSDF) [21] is
a single-view method that selects features based on the
label information and the distribution structure of data.

2) SFSS [24] is a state-of-the-art single-view semi-
supervised method that incorporates sparse /»;-norm into
manifold regularization.

3) SRLSR [25] is a single-view method without a similarity
graph.

4) SSFS is the single-view version of SMFS, which directly
employs the concatenated features to learn a similarity
graph for feature selection. SSFS is used to verify the
effectiveness of the proposed feature selection and graph
learning model for multiview data.

5) Multiview sparse feature selection (MSFS) [47] is a
supervised method, which validates if the introduction
of unlabeled data improves the effectiveness of SMFS.

6) MRMVES [10] is a semi-supervised multiview method
that integrates the label information, data distribution,
and correlation among multiple views to select fea-
tures by applying manifold regularization into multiview
scenario.

7) MLSEFS [26] exploits multiview Laplacian regularization
to extend the single-view semi-supervised method and
replaces the I;;-norm by /5 | ,-norm for feature selection.

8) MASFS [30] is an SMFS method that adaptively
changes the single-view similarity graph based on the
sample distance information derived from the original
feature space and the feedback information of the current
prediction label.

We randomly partition each dataset into two subsets, i.e.,
80% samples for training and the remaining samples for test-
ing, in which each training set is also randomly divided into the
labeled samples and unlabeled samples according to different
labeled ratios. For a fair comparison, we tune the parameters
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of all competitors in the same way as given in the respective
research works [21], [24], [48]. The regularization parameters
of SFMS are searched in a grid of {1073,1072, ..., 10%).
Considering that different datasets have different dimensions
of features, the numbers of selected features vary from
{60, 90, ...,300} for HW and {100, 150, ...,500} for other
datasets. Following the semi-supervised feature selection stud-
ies [49], in the first step, each method is implemented on
the training set to select the optimal feature subset, then
the RLSC with a fixed regularization parameter (i.e., C =
0.1) is adopted to train a classifier based on the selected
features of labeled samples. The trained classifier is used
to assess the classification accuracy on testing samples with
selected features. We use classification accuracy as a mea-
sure to evaluate the effectiveness of selected features in
this article. To reduce the statistical variability, each feature
selection method is independently run 20 times on disparate
training and testing partitions and the average classifica-
tion accuracy with the optimal parameter configuration is
reported.

2) Experimental Results:

a) Comparison to single-view methods: To evaluate the
quality of selected features, the proposed SMFS is first
compared with single-view methods which directly concate-
nate multiview features as single-view data for feature selec-
tion. The experiment is performed with 10% and 30% labeled
samples, respectively. We measure the classification accuracy
of SMFS and the single-view algorithms (i.e., SRLSR, LSDF,
SFSS, and SSFS) on the benchmark datasets with different
numbers of selected features and show the results in Fig. 3.
We make the following observation.

1) As the number of selected features increases, the accu-
racy of SMFS tends to increase gradually and is consid-
erably superior to the single-view methods that directly
use the concatenated features in most cases. Guided by
the feature selection model in (6), SMFS can effectively
exploit the consensus and complementarity informa-
tion contained in multiple views by assigning adaptive
weights for different views, facilitating the selection
of discriminative features. This also indicates that it is
inappropriate to treat each view equally and indiscrimi-
nately concatenate multiple projections for joint feature
selection.

2) SSFS (i.e., the single-view version of SMFS) always
outperforms the single-view method SFSS which regards
the construction of graph and feature selection as two
individual parts and keeps the sample similarity informa-
tion extracted from the original feature space unchanged
during the feature selection process. It verifies that the
implicit graph fusion and dynamical similarity learning
indeed improve the quality of selected features.

Consequently, compared to the single-view methods that

directly select features from the concatenated features of
multiple views, SMFS can discriminate different views
with adaptive weights and coalesce them to learn a joint
weighted feature projection across multiple views, which is
more effective in identifying informative and discriminative
features.
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Fig. 3. Classification accuracy of SMFS and the single-view feature methods on concatenated features with the different numbers of selected features. The
figures in the first and second rows display the experimental results with 10% and 30% labeled samples, respectively. (a) MSRC-v1. (b) HW. (c) Cal-7.
(d) COIL20. (e) ORL. (f) SCENE. (g) MSRC-v1. (h) HW. (i) Cal-7. (j) COIL20. (k) ORL. (1) SCENE.

TABLE I

CLASSIFICATION ACCURACY (%) WITH VARYING NUMBERS OF SELECTED FEATURES BY SMFS AND OTHER MULTIVIEW FEATURE SELECTION
METHODS WHEN 10% AND 30% DATA ARE, RESPECTIVELY, LABELED ON THE BENCHMARK DATASETS. THE BEST RESULTS ARE IN BOLD

Dataset MSRC-v1 with 10% labeled data MSRC-v1 with 30% labeled data
Method 100 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500 Average 100 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500 Average
MSEFS 69.3 | 720 | 743 | 748 | 755 | 76.7 | 77.5 | 78.0 | 78.6 75.2+3.0 769 | 78.8 | 84.8 | 88.8 | 91.9 | 932 | 93.6 | 93.5 | 95.0 | 88.5+6.8

MLSFS 732 | 804 | 827 | 83.8 | 844 | 858 | 858 | 86.1 | 86.7 83.2+4.2 85.6 | 89.9 | 93.0 | 932 | 93.7 | 96.0 | 963 | 96.4 | 96.8 | 93.4+3.7

MRMVEFS 73.0 | 79.6 | 819 | 842 | 83.8 | 84.9 | 86.1 | 854 | 87.1 83.0+4.3 857 | 92.1 | 939 | 949 | 962 | 96.7 | 96.8 | 973 | 97.0 | 94.5+3.7

MASFS 747 | 80.5 | 83.1 | 852 | 856 | 864 | 87.0 | 874 | 877 84.244.2 824 | 904 | 943 | 954 | 974 | 975 | 97.0 | 974 | 975 | 94.3£5.1

SMFS 78.7 | 84.1 | 857 | 87.1 | 88.1 | 88.8 | 89.5 | 89.8 | 89.6 86.8+3.6 86.4 | 949 | 96.6 | 974 | 979 | 98.0 | 98.1 | 985 | 98.2 | 96.0+3.8
Dataset HW with 10% labeled data HW with 30% labeled data

Method 60 90 120 150 180 210 240 270 300 Average 60 90 120 150 180 210 240 270 300 Average
MSFS 88.8 | 91.2 | 924 | 93.0 | 934 | 93.8 | 939 | 940 | 94.1 92.74+2.8 927 | 939 | 947 | 951 | 955 | 95.8 | 959 | 959 | 96.1 | 95.1+1.1

MLSFS 940 | 945 | 95.1 | 955 | 957 | 96.0 | 96.1 | 963 | 96.4 95.5£0.8 97.5 | 97.8 | 98.0 | 98.1 | 98.0 | 98.0 | 979 | 97.8 | 97.8 | 97.940.2

MRMVFS 935 | 945 | 95.0 | 954 | 958 | 959 | 96.1 | 96.2 | 96.4 95.4£0.9 96.5 | 97.2 | 974 | 975 | 97.8 | 979 | 98.1 | 98.0 | 98.0 | 97.6+0.5

MASFS 957 ] 96.1 | 96.1 | 96.1 | 96.2 | 96.2 | 962 | 96.2 | 96.2 96.1+0.2 97.6 | 97.8 | 97.9 | 98.1 | 98.0 | 98.0 | 98.0 | 98.0 | 97.8 | 97.940.1

SMFS 96.6 | 969 | 97.2 | 97.0 | 969 | 96.5 | 96.4 | 964 | 959 96.6+0.4 972 | 975 | 98.0 | 98.2 | 985 | 985 | 984 | 982 | 98.1 | 98.1+04
Dataset Cal-7 with 10% labeled data Cal-7 with 30% labeled data

Method 100 150 200 250 300 350 | 400 450 500 Average 100 150 200 250 300 350 | 400 450 500 Average
MSFS 84.1 86.9 | 87.6 | 88.6 | 90.1 | 90.9 | 91.3 | 91.8 | 92.1 89.3+2.7 91.9 | 936 | 945 | 949 | 952 | 955 | 956 | 96.0 | 958 | 94.8%+1.3

MLSFS 88.7 | 90.0 | 90.1 | 90.9 | 91.3 | 914 | 91.6 | 91.8 | 92.1 90.9+£1.1 91.8 | 934 | 945 | 952 | 954 | 957 | 96.0 | 96.1 | 963 | 949+1.5

MRMVEFES 91.3 | 92.0 | 923 | 92.6 | 92.8 | 929 | 92.8 | 929 | 929 92.5+0.5 928 | 942 | 949 | 955 | 956 | 96.0 | 96.0 | 96.2 | 964 | 953%I1.1

MASFS 90.5 92.1 | 925 | 926 | 929 | 93.0 | 93.0 | 93.0 | 93.0 92.5+0.8 924 | 942 | 958 | 963 | 96.6 | 96.7 | 96.7 | 96.7 | 96.7 | 95.8%1.5

SMFS 91.3 | 91.8 | 93.5 | 92.7 | 93.7 | 93.8 | 941 | 93.3 | 929 93.0+0.9 933 | 946 | 953 | 97.0 | 97.6 | 973 | 97.3 | 983 | 96.5 | 96.3+1.6
Dataset COIL20 with 10% labeled data COIL20 with 30% labeled data

Method 100 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500 Average 100 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500 Average
MSES 68.8 | 71.8 | 85.7 | 88.8 | 90.8 | 91.8 | 92.7 | 933 | 93.6 86.41+9.5 904 | 93.1 | 943 | 952 | 96.1 | 96.5 | 96.8 | 97.0 | 97.3 | 95.24+2.3

MLSFS 86.8 | 89.7 | 922 | 933 | 942 | 947 | 948 | 95.1 | 95.0 92.94+2.9 97.4 | 978 | 983 | 97.8 | 97.7 | 98.1 | 98.3 | 98.7 | 98.9 | 98.1+0.5

MRMVES 90.2 | 92.0 | 940 | 944 | 946 | 949 | 951 | 953 | 955 94.0+1.8 95.0 | 962 | 97.0 | 97.7 | 979 | 983 | 98.5 | 98.7 | 98.8 | 97.6+1.3

MASFS 889 | 909 | 934 | 943 | 948 | 953 | 95.7 | 95.7 | 958 93.8+£2.4 96.8 | 97.9 | 983 | 98.6 | 98.8 | 98.9 | 989 | 99.1 | 99.1 | 98.54+0.7

SMFS 89.7 | 912 | 956 | 96.7 | 968 | 97.3 | 97.2 | 974 | 975 95.5+£2.9 98.2 | 98.5 | 989 | 99.0 | 99.0 | 99.0 | 99.1 | 994 | 99.6 | 98.9+04
Dataset ORL with 10% labeled data ORL with 30% labeled data

Method 100 150 200 250 300 350 | 400 450 500 Average 100 150 200 250 300 350 | 400 450 500 Average
MSFS 55.5 593 | 62.8 | 64.6 | 659 | 67.6 | 68.6 | 69.1 | 70.2 64.84+4.9 774 | 80.8 | 82.8 | 83.8 | 844 | 856 | 86.7 | 874 | 833 | 84.1+34

MLSFS 615 | 673 | 702 | 720 | 74.1 | 755 | 779 | 78.1 | 78.7 72.845.7 84.6 | 89.1 | 89.7 | 909 | 91.1 | 91.6 | 91.9 | 925 | 929 | 90.5+2.5

MRMVEFES 72.1 76.9 | 786 | 799 | 814 | 81.8 | 829 | 83.6 | 83.9 80.14+3.8 77.6 | 82.1 | 87.5 | 90.6 | 91.9 | 92.8 | 93.6 | 93.8 | 94.1 | 89.3+5.8

MASFS 71.4 | 78.1 | 80.3 | 81.8 | 82.0 | 82.4 | 829 | 834 | 835 80.613.9 86.6 | 88.8 | 89.9 | 90.6 | 91.6 | 91.5 | 92.1 | 92.1 | 92.3 | 90.6+1.9

SMFS 76.9 | 82.2 | 84.1 | 853 | 857 | 86.3 | 87.1 | 879 | 874 84.8+3.4 799 | 903 | 92.8 | 94.7 | 95.6 | 958 | 96.4 | 96.0 | 96.0 | 92.7+5.3

Dataset SCENE with 10% labeled data

SCENE with 30% labeled data

Method 100 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500 Average 100 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500 Average

MSFS 46 .8 | 478 | 47.6 | 475 | 473 | 47.0 | 469 | 46.5 | 46.3 47.1£0.5 52.0 | 529 | 53.0 | 522 | 52.5 | 52.1 | 518 | 51.6 | 514 | 52.240.6

MLSFS 425 | 452 | 47.0 | 47.7 | 485 | 48.6 | 48.8 | 48.7 | 48.6 47.3+2.1 S1.1 | 525 | 523 | 532 | 534 | 534 | 53.1 | 53.5 | 53.3 | 52.940.8

MRMVEFS 462 | 479 | 487 | 48.8 | 493 | 49.0 | 49.0 | 48.6 | 485 48.440.9 53.8 | 54.1 | 545 | 55.0 | 53.9 | 534 | 53.1 | 53.1 | 52.7 | 53.840.7

MASFS 50.1 | 504 | 50.1 | 49.8 | 493 | 49.6 | 493 | 489 | 487 49.6£0.6 54.0 | 543 | 542 | 540 | 539 | 538 | 53.5 | 53.7 | 53.3 | 53.9+0.3

SMFS 468 | 49.0 | 500 | 504 | 50.8 | 50.8 | 50.9 | 51.1 | 50.8 50.1+1.4 498 | 51.7 | 53.0 | 540 | 549 | 553 | 55.7 | 554 | 55.7 | 53.74+2.1

b) Comparison to multiview methods: To further validate
the effectiveness of the newly proposed SMFS, we compare
the performance of SMFS and four state-of-the-art multiview
feature selection methods with 10% and 30% labeled samples.
Table II reports the classification accuracy computed by the
RLSC with a varying number of selected features. The last

column of Table II records the average and the standard
deviation of using the different numbers of features for each
feature selection method. From the experimental results in

Table II, we make the following observations.
1) As the number of selected features increases, the accura-
cies of all multiview methods raise. Furthermore, SMFS
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TABLE III

RUNNING TIME (MEASURED BY SECOND) OF SMFS AND OTHER
MULTIVIEW FEATURE SELECTION METHODS
ON MULTIVIEW DATASETS
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Dataset MSRC-v1 HW Cal-7 COIL-20 ORL SCENE
MSFS 1.07 0.35 3.37 2.65 0.69 0.51
MLSFS 19.55 5.26 30.98 15.98 4.06 9.98
MRMVES 12.91 3.47 18.10 12.51 2.99 8.24
MASFS 13.25 5.83 26.34 18.74 4.58 12.51
SMFS 7.07 3.98 11.67 10.69 2.11 7.27

achieves competitive or significantly better results on all
datasets than the other competitors, fully showing its
effectiveness for multiview feature selection.

2) The accuracy using features selected by SMFS is consid-
erably superior to that of the supervised MSFS, which
validates that learning the similarity structure of unla-
beled samples benefits the selection of more informative
features and accordingly achieves better performance.

3) Compared with the semi-supervised methods MRMVFS,
MLSFS, and MASFS, the proposed SMFS shows better
or highly competitive performance with the different
numbers of selected features. This indicates that it is
effective to adaptively optimize graph structure accord-
ing to the sample similarity both in the original and
projected space and to learn a joint feature projection
with adaptive weights across all views for multiview
feature selection.

Therefore, SMFS achieves significant competitiveness in
comparison with the state-of-the-art multiview feature selec-
tion methods, validating the effectiveness and superiority of
the multiview feature selection in (6) equipped with the
adaptive multiple graph fusion and learning.

To verify the efficiency of SMFS, we implement each fea-
ture selection method in the same computing environment and
record their CPU running time on six multiview datasets. The
average running time of five multiview methods using 10%
labeled samples are reported in Table III. From Table III, it can
be observed that the running time varies according to the char-
acteristics of dataset (e.g., the data size and the feature size),
and the supervised MSFS always performs more efficiently
than semi-supervised methods since MSFS only uses few
labeled samples. For all semi-supervised methods, our SMFS
achieves better results on five multiview datasets. On dataset
HW, SMFS consumes less time than other methods, except for
MRMVES. The results show that the computational efficiency
of SMFS is comparable or considerably superior to the state-
of-the-art competitors. The reason is that although SMFS
involves matrix inversions, its objective function converges
rapidly, which has been theoretically proved in Section III-A
and will be demonstrated experimentally in Section IV-E.

c) Ablation study: Here, we conduct an ablation study
to further illustrate the significance of the adaptive weights of
feature projections and the proposed graph fusion and learning
model. We first remove the procedures for optimizing the view
weights {ocv}l/=1 and set each a, to be the average number of
views, i.e., 1/V, thus getting a simplified version of SMFS
(named SMFSy) that treats different projections equally. Then,

(a) (b) (©

Fig. 4.  Top 20 features (marked by red font) selected by SMFES on the
Subject 1 are from (a) Gamma, (b) Delta, and (c) Beta bands.

we eliminate the adaptive graph fusion and learning part of
SMES to get another version of SMFS (named SMFS)), which
uses a fixed graph (i.e., S = ZLI S"/V) during the process
of feature selection. From the results in Table IV, we observe
that the performance of SMFSy is consistently inferior to those
of SMFS with different numbers of selected features. This
indicates that the low-quality projections will adversely affect
feature selection if different feature projections are assigned
with the same weights, making the selected features unreliable
consequently. With the adaptive weights {av}le, SMES can
effectively discriminate and fuse different feature projections,
not only considering the complementarity among projections
but also facilitating the feature selection. Meanwhile, SMFS
is considerably superior to SMFS; that uses a fixed graph.
This verifies that the proposed graph fusion and learning
model indeed enhances the performance of multiview feature
selection. With the implicit graph fusion and the adaptive
structure learning in projection subspace, SFMS can accurately
capture the similarity structures across multiple views, improv-
ing the reliability of label prediction and thus identifying more
discriminative features.

D. Applications on Emotion Recognition Datasets

In this section, we apply SMFS to emotion recognition
on a newly developed emotional EEG dataset, i.e., the SITU
Emotion EEG dataset (SEED).2 The SEED contains the EEG
neural signals of multiple subjects who participated in stimu-
lation experiments, where each subject watched 15 emotional
film clips that lasted 57 min in total, and their emotional reac-
tions are used as the emotional labels of the corresponding film
clips. Each subject joined the stimulation experiments in three
separate sessions, and each session generated 3394 samples
(1120 negative samples, 1104 neutral samples, and 1170 posi-
tive samples). The neural signals were recorded at a sampling
rate of 200 Hz and processed by a frequency filter with
five frequency bands, i.e., Delta (1-3 Hz), Theta (4-7 Hz),
Alpha (8-13 Hz), Beta (14-30 Hz), and Gamma (31-50 Hz).
Following [50], the differential entropy features extracted from
the above frequency bands are chosen for emotion recognition.
Hence, each frequency band has 62 electrode features over all
the brain areas (shown in Fig. 4) and can be used as one
view, so SEED can be regarded as a multiview dataset with
five views and 310 features in total. We randomly take ten
samples with label information per class from each session of
one subject and 30% unlabeled samples as the training set,
and the remaining samples are used for testing.

2http://bemi.sjtu.edu.cn/~seed/seed.html
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TABLE IV
CLASSIFICATION ACCURACY (%) OF SMFS, SMFS(, AND SMFS| ON ALL BENCHMARK DATASETS

10% labeled data with different numbers of selected features 30% labeled data with different numbers of selected features
Dataset Method | 100 | 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500 | Average 100 | 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500 | Average
MSRC-v1 SMFS | 78.7 | 84.1 | 85.7 | 87.1 | 88.1 | 88.8 | 89.5 | 89.8 | 89.6 | 86.8+3.6 || 86.4 | 949 | 96.6 | 97.4 | 97.9 | 98.0 | 98.1 | 98.5 | 98.2 | 96.0£3.8
SMFSq | 72.3 | 79.2 | 83.5 | 86.0 | 87.6 | 86.7 | 85.5 | 85.7 | 85.7 | 83.64+4.8 || 81.7 | 91.4 | 93.6 | 929 | 952 | 95.0 | 95.0 | 96.9 | 97.0 | 93.2+4.6
SMFS; | 66.7 | 72.0 | 76.1 | 789 | 80.2 | 81.8 | 82.9 | 83.9 | 83.6 | 78.5£5.9 || 76.0 | 86.8 | 90.6 | 93.3 | 93.7 | 94.9 | 96.4 | 96.7 | 96.7 | 92.844.1
Cal-7 SMFS | 91.3 | 91.8 | 93.5 | 92.7 | 93.7 | 93.8 | 94.1 | 93.3 | 92.9 | 93.0+£0.9 || 93.3 | 94.6 | 953 | 97.0 | 97.6 | 97.3 | 97.3 | 98.3 | 96.5 | 96.3£1.6
SMFSp | 87.3 | 90.2 | 92.8 | 91.5 | 91.9 | 924 | 92.0 | 91.7 | 91.3 | 91.24+1.6 || 91.1 | 943 | 953 | 953 | 95.5 | 96.1 | 96.6 | 96.5 | 95.5 | 95.1£1.7
SMFS; | 90.8 | 92.1 | 92.0 | 91.3 | 89.7 | 86.4 | 89.8 | 91.5 | 92.3 | 90.6+1.9 || 91.8 | 93.1 | 94.0 | 94.0 | 95.1 | 95.7 | 96.1 | 96.3 | 95.3 | 94.7+1.5
COIL20 SMFS | 89.7 | 91.2 | 95.6 | 96.7 | 96.8 | 97.3 | 97.2 | 97.4 | 97.5 | 95.5+£2.9 || 98.2 | 98.5 | 98.9 | 99.0 | 99.0 | 99.0 | 99.1 | 99.4 | 99.6 | 98.9+0.4
SMFSy | 82.2 | 874 | 88.4 | 92.6 | 95.0 | 959 | 962 | 96.3 | 96.3 | 92.6+4.4 || 96.8 | 97.5 | 97.8 | 974 | 969 | 96.3 | 97.9 | 98.5 | 99.0 | 97.6+£0.9
SMFS1 | 90.5 | 92.1 | 94.0 | 95.0 | 953 | 954 | 957 | 95.8 | 96.0 | 94.4+1.9 || 954 | 96.0 | 96.3 | 96.3 | 96.4 | 96.4 | 96.7 | 96.9 | 97.1 | 96.4+0.5
ORL SMFS | 769 | 82.2 | 84.1 | 85.3 | 85.7 | 86.3 | 87.1 | 87.9 | 87.4 | 84.84+3.4 || 79.9 | 90.3 | 92.8 | 94.7 | 95.6 | 95.8 | 96.4 | 96.0 | 96.0 | 92.7+5.3
SMFSy | 684 | 755 | 783 | 81.5 | 81.5 | 82.3 | 83.4 | 84.0 | 83.7 | 79.845.1 || 748 | 86.5 | 91.0 | 93.1 | 93.4 | 945 | 93.9 | 94.5 | 95.0 | 90.7+6.5
SMFS; | 71.8 | 783 | 80.9 | 81.9 | 82.9 | 83.1 | 82.8 | 82.9 | 82.7 | 80.84+3.7 || 73.0 | 853 | 92.3 | 93.1 | 93.6 | 93.8 | 94.5 | 94.6 | 94.9 | 90.6+£7.2
SCENE SMFS | 46.8 | 49.0 | 50.0 | 50.4 | 50.8 | 50.8 | 50.9 | 51.1 | 50.8 | 50.1+£1.4 || 49.8 | 51.7 | 53.0 | 54.0 | 549 | 55.3 | 55.7 | 55.4 | 55.7 | 53.7£2.1
SMFSq | 43.3 | 457 | 47.9 | 482 | 50.2 | 48.8 | 46.5 | 48.7 | 48.9 | 47.6+2.1 || 474 | 50.1 | 50.6 | 51.2 | 52.2 | 53.2 | 53.7 | 52.4 | 53.0 | 51.5+2.0
SMFS; | 434 | 45.6 | 46.7 | 47.2 | 47.8 | 47.7 | 47.8 | 48.0 | 47.9 | 46.9+1.5 || 52.7 | 51.8 | 50.8 | 50.1 | 49.4 | 48.5 | 47.6 | 46.6 | 46.0 | 49.3+2.3
Dataset Method | 60 90 120 | 150 | 180 | 210 | 240 | 270 | 300 | Average 60 90 120 | 150 | 180 | 210 | 240 | 270 | 300 | Average
HW SMES | 96.6 | 96.9 | 97.2 | 97.0 | 96.9 | 96.5 | 96.4 | 964 | 959 | 96.6+0.4 || 97.2 | 97.5 | 98.0 | 98.2 | 98.5 | 98.5 | 98.4 | 98.2 | 98.1 | 98.1+0.4
SMFSp | 954 | 957 | 952 | 939 | 929 | 91.9 | 91.8 | 92.5 | 92.8 | 93.6£1.5 || 96.4 | 97.0 | 98.0 | 98.2 | 98.0 | 97.7 | 974 | 974 | 97.3 | 97.5£0.6
SMFS1 | 954 | 952 | 949 | 94.6 | 94.1 | 939 | 939 | 943 | 944 | 94540.6 || 96.0 | 96.4 | 96.0 | 96.8 | 96.7 | 96.7 | 96.5 | 96.4 | 96.4 | 96.4+0.4

TABLE V

ACCURACY (MEAN% + STD%) OF USING TOP 20 FEATURES SELECTED BY DIFFERENT MULTIVIEW FEATURE SELECTION METHODS WHEN WE
RANDOMLY SELECT TEN LABELED SAMPLES IN EACH CLASS ON THE SEED DATASET. THE BEST RESULTS ARE IN BOLD, AND * DENOTES
THAT THE RESULT IS NOT SIGNIFICANTLY WORSE THAN THE BEST USING THE PAIRED t-TEST AT THE 5% SIGNIFICANCE LEVEL

Subject 1 2 3 4 5 6 7 8 9 10 11 Average
LSDF 88.7+3.8 | 84.843.3 | 91.2£3.5 |93.7+0.5 | 91.7£1.4 | 92.6+4.7 | 88.54+1.0 | 88.0£3.0 | 92.44+3.8 | 93.8t1.4 | 83.9+4.2 || 89.3£3.4
SFSS 90.7£2.9 |89.4+1.3 | 94.1£1.5 | 95.8+0.7 | 93.5+2.3 | 93.3+4.4 |93.0+£2.9 | 90.1£0.9 | 93.3+3.7 | 94.74+0.5 | 90.6+1.1 || 92.642.1
SRLSR 91.6£0.9 |91.4+2.0| 93.7£1.8 |93.5£1.5|92241.6| 93.843.9 |91.64+1.0 | 91.1£1.6 | 92.14+4.2 | 93.7£0.7 | 91.7+1.7 || 92.5£1.2
SSFS 91.3£1.3 |91.0+£2.2 | 94.74+1.8 | 96.3+1.3 | 93.742.0 | 94.2+2.7 |93.940.8 | 91.9+1.4 | 94.0+3.0 | 94.44+2.2 | 91.4+3.0 || 93.3+1.7
MSFS 89.8+£3.5 | 88.54+2.3 | 92.9+£2.5 |95.840.6 | 93.0£1.1 | 91.3£3.7 |91.241.1 | 88.8+0.8 | 92.64+3.5 | 92.8+0.7 | 89.6+2.4 || 91.5£2.2
MLSFS 90.5+3.0 | 89.9+2.3 | 94.3+2.7 |96.3+0.2 | 9424+1.5| 93.7+4.7*% | 92.540.7 | 91.14£1.3 | 93.6£1.6 | 96.4+1.2 | 90.2+2.8 || 93.0+2.3
MRMVES | 93.0£1.0% | 92.742.8 | 94.3£3.0*% | 96.0+2.3 | 93.94+2.2 | 94.6+4.2* | 94.44+1.4 | 92.842.5 | 94.442.3 | 94.7£0.8 | 93.5+1.6 || 94.0£1.0
MASFS 92.0+2.6 | 92.1+1.6 | 95.24+2.3*% | 96.9+0.6 | 94.84+0.6 | 94.3+4.3* | 93.840.7 | 92.3+1.3 | 95.1£2.2 | 96.8+0.5 | 92.0+0.7 || 94.1+1.8
SMFS 95.4+3.1 |96.6+1.8 | 97.8+1.8 | 99.3+0.4 | 97.4+1.3 | 97.2+£2.7 | 97.3+0.9 | 97.1+1.3 | 98.5+1.0 | 98.9+0.1 | 96.8+1.0 || 97.5+1.1

To evaluate the effectiveness of SMFS on emotion recog-
nition, we conduct experiments on the data generated from
three separate sessions of 11 different subjects and compare
SMFS with the single-view and multiview feature selection
algorithms. The experiments are repeated 20 times using the
same experiment settings as in Section I'V-C. Table V presents
the average classification accuracy of the RLSC using the top
20 features selected by different feature selection methods. The
last column of Table V shows the average performance over
all the subjects for each feature selection method. Generally,
the semi-supervised multiview methods mostly outperform
the single-view competitors as well as the supervised MSFS,
demonstrating the significance of using abundant unlabeled
data and complementary information of multiple views for
performance improvement. Moreover, SMFS achieves sig-
nificantly better results compared to all competitors on all
subjects for classification accuracy. The single-view version
(i.e., SSFS) likewise performs better or comparably than other
single-view competitors. In particular, SMFS achieves a 4.6%
improvement on Subject 8 in comparison with the best result
of all the other competitors and also achieves 3.6%—9.2%
improvement compared to others in terms of the average
performance over all the subjects. The results indicate that

the proposed SMFS is more effective in emotion recognition
than the state-of-the-art feature selection methods.

According to [51], the neural signals of positive emotions
have significantly higher Gamma and Beta responses than
those of negative and neutral emotions. Furthermore, the
neural signals of neutral emotions have higher Delta responses
compared to the negative emotions, indicating that the Gamma,
Delta, and Beta bands are critical views and more related to
these emotions than others. To further evaluate the ability of
SMES for identifying the critical views/bands and features for
emotion recognition, we record the learned average weights
of different views (i.e., frequency bands) by the multiview
methods on all the subjects in Table VI. From Table VI,
we observe that other methods either assign the same weights
to different bands or leave out some critical bands. Contrary
to this, the proposed SMFS identifies these critical bands
and adaptively assigns larger weights to them. This implies
that the features from the Gamma, Delta, and Beta bands
contain more important information for emotion recognition
task. Accordingly, Fig. 4 shows the top 20 features selected
by SMFS on Subject 1. As depicted in Fig. 4, the selected
features are mostly from the Gamma and Delta bands, and
their positions are also consistent with the previous studies of
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TABLE VI
LEARNED AVERAGE WEIGHTS OF DIFFERENT BANDS/VIEWS

Band/View Delta Theta Alpha Beta Gamma
MSFS 0.42 0.23 0.20 0.10 0.05
MLSFS 0.20 0.20 0.20 0.20 0.20

MRMVFS 0.33 0.17 0.18 0.17 0.15
MASFS 0.19 0.19 0.19 0.21 0.22
SMFS 0.25 0.12 0.10 0.18 0.35

Fig. 5. Accuracy of SMFS with varying parameters and the number of
selected features on the HW and ORL datasets with 10% labeled samples.
(a) A on HW. (b)  on HW. (¢) y on HW. (d) # on HW. (e) 4 on ORL. (f) f
on ORL. (g) y on ORL. (h) x# on ORL.

Fig. 6. Accuracy with varying f and y on (a) HW and (b) ORL datasets.

critical brain areas [50], [51]. The results indicate that SMFS
not only effectively identifies the critical views among multiple
views but also the discriminative features within each view.

E. Parameter Sensitivity and Convergence Analysis

In SMFS, there are four manual parameters 4, £, y, and u.
To investigate the impacts of the parameters and the number
of selected features on the performance, we first vary each
parameter and the number of selected features. Due to space
limitation, the experimental results on the HW and ORL
datasets with 10% labeled samples are shown in Fig. 5. It is
observable that SMFS has similar performance variation trends
on HW and ORL, i.e., ascending initially and descending with
the increase in parameters. Moreover, the performance drops
significantly with A greater than 1, indicating the sensitivity of
SMES toward A. Besides, SMFS is somewhat sensitive to these
parameters when the number of selected features is small.
To further study the impacts of f and y on the performance,
we fix 4 and x as 1 and set the number of selected features
to the median value (i.e., 180 for HW and 300 for ORL). The
experimental results are shown in Fig. 6. It can be seen that
the performance of SMFS ascends initially and descends with
the increase in f and y . Through tuning the parameters, SMFS
achieves relatively good results with f and y in the range
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of {0.1,1,10}. When g is larger than 10, the performance
has a significant decreasing trend, indicating that the quality
of selected features will be degraded if the graph learning is
overemphasized. Moreover, SMFS performs worse when the
values of f and y are very small (e.g., 1073). This demon-
strates that the terms corresponding to § and y are particularly
important for identifying discriminative features. Specifically,
graph learning can guarantee the accurate propagation of label
information on the learned graph, while feature selection aims
to learn discriminative projection for fitting prediction labels.
Therefore, f and y should be appropriately set to improve
the performance. Considering the different roles of feature
selection and graph learning in SMFS applications, how to
automatically determine the optimal £ and y is still an open
problem, which will be studied in the future.

Although we have theoretically proved the convergence of
SMES in Section III-A, here, we further verify its convergence
on the benchmark datasets with 10% labeled samples. The
parameters A, £, y, and u are set to 1, and the variation
curves of the objective function in (9) with the number of
iterations are shown in Fig. 7. It is clear that the objec-
tive function rapidly decreases in the first few iterations
and stably converges within five iterations on all datasets.
The fast convergence guarantees the optimization efficiency
of SMFS.

V. CONCLUSION

In this article, we propose a novel SMFS algorithm, provid-
ing a comprehensive and effective scheme to exploit multiview
data. Different from most existing works which indiscrim-
inately concatenate multiple view features for joint feature
selection, and predefine view-specific similarity graphs based
on the Euclidean distance between original data points, SMFS
not only balances the contributions of different view features
but also effectively coalesces multiple feature projections
straightforward. This helps to form a joint feature projection
in an adaptive-weighting way by merging the learned weights
into the corresponding feature projections, which facilitates
preserving the complementarity and consensus among multiple
views in the aspect of the feature projections. Furthermore,
SMEFS adaptively learns a unified similarity graph compatible
across multiple views with implicit multiple graph fusion and
sample similarity in the joint feature projection space, largely
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alleviating the adverse effects of irrelevant and redundant
features. Moreover, an iterative solution with convergence
guaranteed theoretically and demonstrated experimentally is
presented to solve SMFS. Extensive experiments on different
datasets fully verify that SMFS is effective to select the
discriminative features from heterogeneous feature spaces, and
achieves superior performance to the state-of-the-art.

Although SMFS achieves its objectives, some important
directions are worth for future research. First, we would like to
generalize the /5 ;-norm to a more feasible [ ,-norm constraint
where p € (0,1) [25]. Second, it is possible to design
a more general multiview feature selection framework that
could work in supervised, semi-supervised, and unsupervised
scenarios. Additionally, the task to extend SMFS to handle
large-scale and high-dimensional multiview data is another
important direction in the future.
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